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Abstract 

Light-cone gauge manifestly supersymmetric formulation of eleven dimensional supergravity 
is developed. The formulation is given entirely in terms of light cone scalar superfield, allow- 
ing us to treat all component fields on an equal footing. All higher derivative on mass shell 
manifestly supersymmetric 4-point functions invariant with respect to linear supersymmetry 
transformations and corresponding (in gravitational bosonic sector) to terms constructed 
from four Riemann tensors and derivatives are found. Superspace representation for 4-point 
scattering amplitudes is also obtained. Superfield representation of linearized interaction 
vertex of superparticle and supergravity fields is presented. All 4-point higher derivative in- 
teraction vertices of ten-dimensional supersymmetric Yang-Mills theory are also determined. 
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1 Introduction and Summary 



1.1 Motivations for light-cone gauge approach 

In view of high degree of symmetry lie? supergravity jT] has attracted considerable interest 
for a long period of time. Presently due to conjectured interrelation with superstrings in- 
terest in lie? supergravity is renewed and by now lid supergravity is viewed as low energy 
approximation of M-theory Oj- Because application of the light cone approach turned out 
to be fruitful in many problems of superstrings one can expect this approach might also be 
useful to understand M-theory better. Extensive studies triggered by a conjecture made in 
Ref.Jl] support this expectation. Therefore one can believe that study of various aspects of 
lid supergravity in the framework of light cone approach is a fruitful direction to go. This 
is what we are doing in this paper. 

So far superfield light cone formalism was explored for d < 10 supergravity theories (see 
e.g. El IH|)- The major goal of this paper is to develop manifest supersymmetric light 
cone gauge formulation of lid supergravity and discuss its various applications. Our method 
is conceptually very close to that used in to find ten dimensional supersymmetric 

theories and is based essentially on a light cone gauge description of interaction vertices 
developed in (TU] (see also PU 1121 EES] ) • 

One of motivations of our investigation is to demonstrate efficiency of light cone formu- 
lation in study of various higher derivative 4-points functions which consist in their grav- 
itational bosonic sector d 2n R A terms, where R stands for Riemann tensor. We shall show 
that light cone formulation gives simple way to derive manifestly supersymmetric expres- 
sions for these vertices. As by-product of this study we find superspace representation for 
4-point scattering amplitude of the generic lid supergravity pQ. An attractive feature of 
our approach is that the methods we use are algebraic in nature and this allows us to ex- 
tend our result to other supersymmetric theories in a rather straightforward way. That is 
to say that we shall extend our discussion to the case of lOd, non-Abelian supersymmetric 
Yang-Mills (SYM) theory and we shall find manifestly supersymmetric representation of all 
4-point functions, which consist in their bosonic sector d n F A terms. 

As illustration of our approach we shall begin with study of light cone gauge cubic 
interaction vertex of generic lid supergravity. Our interest in light cone gauge re-formulation 
of the lid supergravity cubic interaction vertex is motivated by the following reason. For 
the case of ten dimensional theories it is light cone gauge cubic vertices of lOd supergravity 
theories |SJ that admit simple and natural extension to superstring theories [6]. Therefore 
it is reasonable to expect that it is our light cone gauge cubic interaction vertex of lid 
supergravity that will have natural extension to M-theory, i.e. we expect that formulation 
of M-theory, which is still to be understood, should be simpler within the framework of light 
cone approach. The situation here may be analogous to that in string theory: a covariant 
formulation of closed string field theories is non-polynomial, while light cone formulation 
restricts the string action to cubic order in string fields. 

Another application of our approach is a derivation of linearized interaction vertex of 
superparticle with lid supergravity fields. As is well known in many cases an evaluation of 
scattering amplitudes taken to be in the form of quantum mechanical correlation function 
of world line linearized interaction vertices turns out to be more convenient as compared to 
evaluation in field theoretical approach. Therefore it seems highly likely that an extension of 
world line approach to the lie? supergravity should be fruitful from the perspective of future 
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applications to M-theory. 



1.2 3-point and 4-point interaction vertices 

To discuss light cone superspace formulation of lie? supergravity we use a superfield $(p, A) 
which depends on bosonic momenta p 1 , p + , Grassmann momentum A, while a dependence of 
the superfield A) on the light cone evolution parameter x + is implicit 1 . Light cone gauge 
action describing dynamics of lid supergravity fields admits then the following standard 
representation: 

S = J dx + d 10 pd 8 \ -A)i/3d-$(p, A) + J dx + P~ , (1.1) 

where P~ is the Hamiltonian and d~ = /dx + . In theories of interacting fields the Hamilto- 
nian receives corrections having higher powers of physical fields and one has the following 
expansion 

oo 
n=2 

where Pr> stands for n - point contribution (degree n in physical fields) to the Hamilto- 
nian. Dynamics of free fields is described by the well known free Hamiltonian Pz. to be 
discussed in Section 2, while n-point interaction corrections P { ~ } , n > 3, admit the following 
representation 

/n 
dr„II *(p«.Aa)Pw- (L3) 

0=1 

Density p7\, sometimes referred to as n- point interaction vertex, depends on light cone 
momenta (3 a , transverse momenta p T a and Grassmann momenta A OJ where an external line 
index a = 1, . . . , n labels n interacting fields. Explicit expression for an integration measure 
dT n is given below in (|3.7)l - (|3.9j) . 

We begin with discussion of cubic interaction vertex for generic lid supergravity theory 
PP. Expression for the 3-point interaction vertex we find takes the following form: 



_p- = - ——AfA + __(Aji' A )2_ _L_L_( A y A )- 



2\/2/3 16/5 2 9-16/5 

pi? pfl2 

+ — -AM(A7 J A) 2 + ^((A 7 'A) 2 ) 2 , (1.4) 

9-16\/2> 2 7 • 63/3 4 



where we use the notation 

3 _ 3 



P '=^E^Pa, A=lj2$ a \ a , (1.5) 

a=l a=l 

/5 a = - /5 a+2 , /3 = /W 3 , (1-6) 



1 We decompose momenta p J , 7 = 1, . . . , 9 into p l , i = 1, . . . , 7 and p R ' L where p RL = (p 8 ± fp 9 )/-^- 
Grassmann momentum A, whose spinor indices are implicit, transforms in spin one-half representation of 
so(7). For momentum in light-cone direction we use simplified notation (3 = p + . 
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JP = 7*P*, |P| 2 = P 7 P 7 , 7* are so(7) Dirac matrices, and we use identification (3 a = P a +3 
for 3-point interaction vertices. In formula (|1.4|) k is gravitational constant (see formula 
(I4.39|) for normalization). Note that cubic vertices for generic lid supergravity are the only 
vertices which can be constructed in cubic approximation. In Section 4 we demonstrate that 
the Poincare supersymmetries forbid supersymmetric extension of R 2 and R 3 terms. 

We proceed to discussion of 4-point interaction vertices. It should be emphasized from 
the very beginning that we do not consider 4-point interaction vertices of the generic lid 
supergravity 1. We find 4-point vertices that are invariant with respect to linear super- 
symmetry transformations and do not depend on contributions of exchanges generated by 
cubic vertices. These 4-point vertices in their gravitational bosonic sector involve higher 
derivative terms that can be constructed from Riemann tensor and derivatives, i.e. they can 
be presented schematically as d 2n R A . The bosonic bodies of these supersymmetric vertices 
appeared in various previous studies and they are of interest because they are responsible 
for quantum corrections to classical action of lid supergravity. 

4-point interaction vertices p7^ depend on momenta p^ and A a through the following 
quantities 

K> = PlPb-dPa, Kb = KPb-XbPa, (1-7) 

where external line indices a,b take values a,b — 1,2,3,4. Solution to 4-point interaction 
vertices we find admits the representation 

p~ = -({3 12 3 M ) 2 utE s + (3 13 3 24 ) 2 stE u + (3 u 3 2 z) 2 usE^g(s,t,u) , (1.8) 

where we use the notation 

3 ab = P^expf A f iahKh ) , (1.9) 



/ uA L 6 A L \ 
E u ee exp ( = L - - — , (1.10) 

?a6 = S^, (3 ab = (3 a + (3 b , (1.11) 

V ab 

t = 4 - ?24 , A L EE A 13 P^ 4 - A 24 Pf 3 , (1.12) 

^ ee 7*(f , q 2 ee q 1 q % . In above-given expressions the quantities s, t, u are the standard Man- 
delstam variables (normalization we use for these variables may be found in ()5.14j) . (j5.16j0 . 
while the quantities E s and E t are obtainable from E u by appropriate interchange of external 
line indices 1,2,3,4: 

E s = E u \2^3 , E t ee £ , u | 3 ^ 4 . (1-13) 

Explicit form of a function g(s,t,u) (jl.8j) . which should be symmetric in Mandelstam vari- 
ables, cannot be fixed by exploiting restrictions imposed by global symmetries alone. This 
function is freedom of our solution. Assuming that g(s,t,u) admits Taylor series expansion 
we get the following lower order terms in infinite series expansion of g(s,t,u): 

g(s,t,u) = g + g 2 {s 2 + t 2 + u 2 ) + g 3 stu + g 4 {s A + t 4 + w 4 ) 

+ g 5 stu(s 2 + t 2 + u 2 )+g 6]1 (s 6 + t 6 + u 6 )+g 6]2 (stu) 2 + ... . (1.14) 
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Sign minus in r.h.s. of formula ()1.8|) is of no physical significance and is chosen for later 
convenience. 

Our approach allows us to obtain surprisingly compact superspace representation for 
4-point scattering amplitude of generic lid supergravity theory pQ which we exhibit here: 

A w = 2k 2 ( { ±^E s + ^^E u + iM^U) • (1-15) 
V s u t J 

1.3 Contents of the rest of the paper 

The rest of the paper contains derivation of above-mentioned 3-point and 4-point interaction 
vertices, superfield description of linearized interaction of free superparticle with lid super- 
gravity and related explanations and technical details. The paper is organized as follows. 

In section[2]we introduce a notation and describe the free level so(7) covariant formulation 
of lid supergravity in terms of unconstrained light cone scalar superfield. 

In section|3]we discuss arbitrary n-point interaction vertices and find constraints for these 
vertices imposed by symmetries of the Poincare superalgebra. 

In section |3] we study a cubic interaction vertex of lie? supergravity and find manifest 
supersymmetric light cone representation for this vertex. To do that we use method of |l()j . 
which allows us to find simple and compact representation for the vertex in question. Because 
this vertex describes generic lid supergravity it involves terms having the second power of 
derivatives. The formalism we use is algebraic in nature and this allows us to study on an 
equal footing the vertices involving arbitrary powers of derivatives and describing in their 
gravitational bosonic sector R 2 and R 3 terms. We demonstrate explicitly that the Poincare 
supersymmetries forbid supersymmetric extension of R 2 and R 3 terms. 

In section |S] we study 4-point vertices that are invariant with respect to linear Poincare 
supersymmetry transformations and involve arbitrary powers of derivatives. These 4-point 
supersymmetric vertices consist in their gravitational bosonic sectors d 2n R 4 terms. We find 
all constraints imposed by Poincare supersymmetries on such vertices and find all possible 
solutions to these constraints. We present explicit and simple form for these 4-point vertices. 
Also, as a by-product of our investigation we present superspace representation for 4-point 
scattering amplitude of the generic 11c? supergravity. 

In section|Hlwe develop world line representation for interaction vertex of lid supergravity. 
Namely, we obtain superfield description of linearized interaction of free superparticle with 
lid supergravity. 

In section [7| we extend out formalism to discuss 4-point vertices for lOd nonabelian 
SYM theory. Because our formalism is algebraic in nature it allows us, starting with above 
mentioned 4-point vertices of lid supergravity, to write down in a straightforward way all 
higher derivatives 4-point interaction vertices for SYM theory. In their bosonic sector these 
supersymmetric vertices correspond to d n F A terms. 

Section |H] summarizes our conclusions and suggests directions for future research. Ap- 
pendices contain some mathematical details and useful formulae. 

2 Free lid supergravity in so(7) light cone basis 

Method suggested in Ref . |14j reduces the problem of finding a new (light cone gauge) dy- 
namical system to the problem of finding a new solution of commutation relations of an 
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defining symmetry algebra 2 . Because in our case the defining symmetries are generated by 
lid Poincare superalgebra we begin our investigation with description of the so(7) form of 
this superalgebra, which is most convenient for our purposes. The conventional light cone 
formalism in eleven dimension based on so(9) symmetries requires complicated superfield 
constraints which we prefer to avoid. Fortunately it turns out that reducing manifest sym- 
metries to the so(7) symmetries allows one to develop superfield light cone formulation of lid 
supergravity in terms of unconstrained scalar superfield. Another reason why do we prefer 
to use the so(7) light cone formulation is that it is the so(7) symmetries that are manifest 
symmetries of the general method of constructing cubic interaction vertices developed in ^Hj 
(see section In this section we focus on free fields. 

Poincare superalgebra of lid Minkowski spacetime consists of translation generators P^ 1 , 
rotation generators J^, which span so(10, 1) Lorentz algebra, and 32 Majorana supercharges 
Q. The Lorentz covariant form of (anti) commutation relations is 

[PM J v p\ = tfpp - ri^P u , [J^, J u p] = rf v jw + 3 terms, (2.1) 
[J/-, Q] = _| 7 £Q , {Q, Q} = -t&C^ , (2.2) 

where are so(10, 1) Dirac matrices and we use mostly positive flat metric tensor rf lV . 
The generators P M are chosen to be hermitian, while the J^ v to be antihermitian. The 
supercharges Q satisfy Majorana condition Q^^ 2 = Q l C^2- To develop light cone formulation 
we introduce instead of the Lorentz basis coordinates x^ the light cone basis coordinates x , 
x R , x L , x % defined by 3 

x ± = ^(x w ±x°) J x R = ^(x 8 + ix 9 ), x L = ^(x 8 -ix 9 ) (2.3) 
V2 V2 V2 

and treat x + as an evolution parameter. In this notation Lorentz basis lid vector X M is 
decomposed as (X + , X~ , X 1 ), where X 1 = (X R ,X L ,X l ). A scalar product of two lid 
vectors is decomposed then as 

rj^X»Y v = X + Y~ + X~Y + + X 7 F 7 , X^ 1 = XT' + X R Y L + X L Y R , (2.4) 

where the covariant and contravariant components of vectors are related as X + = X_, 
X R = Xl = (X L )*. In the light cone formalism Poincare superalgebra splits into generators 

P + , P 7 , J +7 , Q +R , Q +L , J + ~, J IJ , (2.5) 

which we refer to as kinematical generators and 

P-, J- 1 , Q- R , Q~ L , (2.6) 

which we refer to as dynamical generators. For x + = the kinematical generators in the 
superfield realization are quadratic in the physical fields 4 , while the dynamical generators 
receive higher-order interaction-dependent corrections. 

2 This method is Hamiltonian version of the Noether method of finding new dynamical system. Interesting 
recent discussion of the Noether method may be found in |15| . 

3 /i, v = 0, 1, ... 10 are so(10, 1) vector indices, a = 1, . . . , 8 is so(7) spinor index, I,J,K — 1, ... 9 are 
so(9) vector indices, i, j, k — 1, . . . , 7 are so(7) vector indices. 

4 Namely, for x + =^0 they have a structure G = G\ + x + G2, where G\ is quadratic in fields, while G2 
contains higher order terms in fields. 
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The so(7) form of Poincare algebra commutators can be obtained from (j2.1j) by using 
the light cone metric having the following non vanishing elements r] + ~ = r]~ + = 1, rj RL = 1, 
rfi = § l J . Now we describe the so (7) form of the remaining (anti) commutators given in (J2.2j) . 
The supercharges with superscript + (— ) have positive (negative) charge 

[J + ~, Q +R > L ] = \q +r > l , [J + ~, Q- R ' L ] = -\q~ r > l (2.7) 

and the superscripts R and L are used to indicate J RL charge: 

[J RL , Q ±R ] = \Q ±R , [J RL , Q ±L ] = ~Q ±L ■ (2.8) 

Transformation properties of supercharges with respect to so(7) algebra are given by 

[J i ]) Q±R,L ] = _^ Q ±R,L _ (2 9) 

Remaining commutation relations between supercharges and even part of superalgebra take 
the following form 

[J ±R , Q tL ] = ±Q ±R , [J ±L , Q TR ] = ±Q ±L , (2.11) 

[J* Q^] = T^Q ±R , [J ±l , Q TL ] = ±^Q ±L ■ ( 2 - 12 ) 

In Eqs. (|2.10j) . (|2.12j) and below 7* stands for so(7) Dirac matrices. Anticommutation relations 
between supercharges are 

{Q ±R , Q ±L } = ±P ± , {Q +R , Q- R } = P R , {Q +L , Q- L } = P L , (2.13) 

{Q ±L ,Q TR } = ^=fP\ (2.14) 

Hermitian conjugation rules in the so(7) basis take the form 

p ±t = p± ? P i] = P i } P R\ = pi q±R\ = q±l ^ 

jyf = _jy ) j±R] = _j±L^ jRL\ = J RL ^ 215 ) 

Next step is to find a realization of Poincare superalgebra on the space of lie? supergravity 
fields. To do that we use light cone superspace formalism. First, we introduce light cone 
superspace that is based on position coordinates x M and Grassmann position coordinates 
9 a . Second, on this light cone superspace we introduce a scalar superfield $(x M ,#). In the 
remainder of this paper we find it convenient to Fourier transform 5 to momentum space for 
all coordinates except for the time x + . This implies using p + , p R , p L , p 1 , X a , instead of 



'Normalization of the Fourier transformation we use is given in formula IjE-ljl . 
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9 a respectively. Thus we consider the scalar superfield §(x + ,p + ,p R ,p L ,p\ A) 
with the following expansion in powers of the Grassmann momenta A 



$(p,A) = p 2 A + p\ a ^j a + p\ ai \ a2 A a ' 



_I( e A 6 )^-M-i^ - i_( e A 7 )>«* + ^(e\ s )A* , (2.16) 

P P P 

where we use the notation 6 

(8 — nj! 

and e Q1 -- as is the Levi-Civita symbol. In (J2.16|) the fields and their Hermitian conjugated 
are related as (A*(p))* = A(— p). The superfield $ satisfies the reality constraint 7 



$(-p, A) = /5 4 / d 8 A t e AAt / /J ($(p, A)) f , (2.18) 



where for odd variables F, (i.e. Grassmann variables and fermionic fields) we use the con- 
vention (FiF 2 y = FIf\. In (J2.16j) the component fields carrying even number of spinor 
indices are bosonic fields 

A ai - a4 (70) = {ti j (27°), h RL (l°), C ijk (35°), C RLi (7 )} , (2.19) 

A aia2 (28) = {h Li (7~ 1 ), C Lij (21~ 1 )} , (2.20) 

while the fields with odd number of spinor indices are responsible for gravitino field. Explic- 
itly these fields are related as follows 8 

A = 4 rJ \ ryf rj .}yR L 

i \ rJ v fc C ijh l - ~i V J ' n RL i (2 21) 

3 • 2 4 v^2 aic * 2 3 ° 4 ^ . 2iy/2 01102 3Ct4 ^ ' y^-^ 1 -! 

A aia2 = ~\l l aia2 h Ll - \lZa 2 C Lij , (2.22) 

A = -^h LL , (2.23) 
V2 



6 In what follows a momentum p as argument of the superfield $ and S- functions designates the set {p 1 , /?}. 
Also we do not show explicitly the dependence of the superfield on evolution parameter x + . Expansion like 
d2.1tj |) was introduced for the first time in [S] El to study the light cone formulation of IIB supergravity. 

integration measure w.r.t. Grassmann variables is normalized to be J d 8 A(eA 8 ) = 1. This implies that 
Grassmann 5-function is given by S(X) — (eA 8 ). 

8 [ai...a„] stands for antisymmetrization in a l7 ...,a n involving nl terms with overall normalization 
factor equal to —.. Graviton field h IJ being so(9) tensor field decomposes into so(7) fields as: h tJ , h RL , h Rz , 
h . We assume h 11 — 0, h" = 0. Antisymmetric so(9) tensor field C IJK decomposes into so(7) fields in 
obvious way: 

Qijk^ C Rij^ C Lij^ C RLi i nten . e i a tion of gravitino field components in (|2~2ljl . (|2~23t with those 
of the so(9) basis is discussed in Appendix A. 
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^ 1Q2Q3 = ^jfUa^i » (2-24) 

^ = (2-25) 

Now a representation of the kinematical generators in terms of differential operators acting 
on the superfield $ is given by 9 



P^P 1 , 


Q +R = 139, Q +L = A , 


(2.26) 


J +I 


= d p i (3 , 


(2.27) 


j + - = d p f3 - 


\ex + 2, 


(2.28) 


J lj = p%i - 


P j d pi + -9^\ , 


(2.29) 


jRL = p R dpR 


-p L d p L + ±9\-2, 


(2.30) 


jRi = p Rd p > - 


- P%- ~ ^ > 


(2-31) 


J L *=p L d p ,- 


-^ + 2 ^aya. 


(2.32) 



Here and below we use the notation 

d p = d/dp, d pi = d/dp\ d pR = d/d P R , d pL = d/dp L , i = i l p\ 

l 13 = - (i <-> J) • (2.33) 

Representation of the dynamical generators in terms of differential operators acting on the 
superfield $ is given by 

P-=p~, p~ = - V ^, (2.34) 

J~ R = d pL p- - d p p R - ^j=9p + ^p R 9\ - - p p R , (2.35) 

J- L = d pR p- - d p p L + 7 2 -y=^ A . (2-36) 

■r l = d pip - - + ^9f p-x - ^- 2 p r W + ^jf L ^ Q - -/ > (2- 37 ) 

Q~K = A=9p' + ±p R \, (2.38) 

g- L =^ + -i^^A. (2.39) 



9 Throughout this paper without loss of generality we analyze generators of Poincare superalgebra and 
their commutators for x + = 0. 



9 



The Grassmann coordinates 9 and momenta A satisfy the following anticommutation and 
hermitian conjugations rules 

{\ a \9° 2 } = 5 aia2 , X^=p + 9, flt = _L A . (2.40) 

The above-given expressions provide realization of Poincare superalgebra in terms of differ- 
ential operators acting on the physical superfield $. Now let us write down a field theoretical 
realization of this algebra in terms of the physical superfield $. As we mentioned above the 
kinematical generators G km are realized quadratically in $, while the dynamical generators 
Qdyn are rea ij zec i non-linearly. At a quadratical level both G kin and G dyn admit the following 
representation 

^/ /MW( - P ,- W ,A), = (2.4!) 

where G are the differential operators given above in (J2.26|) - (j2.39|) . The field $ satisfies the 
Poisson-Dirac commutation relation 

[<&(p, A), S(p', A')] = ^^5 8 (A + A') . (2.42) 

equal x+ Lp 

With these definitions one has the standard commutation relation 

[&,&] = G§. (2.43) 

Note that our normalization of the component fields in expansion of the superfield $ (see 
(|2.1fjj) and (|2.21jl - (|2.25jl ) is chosen so that contributions of component fields to the generators, 
say for P + , are weighted as follows 

P + = f d l0 p P\\h IJ {-p)h IJ {p) + lc IJK (-p)C IJK (p) + TPf(-p)C 16 Tpf(p)) , (2.44) 

where we used a notation of the so(9) basis. Light-cone gauge action takes then the following 
standard form 

S = J dx + d 10 pd 8 X -\)i/3dr$(p, A) + J dx + P~ . (2.45) 

This representation for the light cone action is valid both for free and interacting theory. 
Hamiltonian of free theory can be obtained from Eqs. (j2.34j) . (j2.41|) . 



3 General structure of n-point interaction vertices 

We begin with discussion of the general structure of Poincare superalgebra dynamical gen- 
erators ()2.6j) . In theories of interacting fields the dynamical generators receive corrections 
having higher powers of physical fields and one has the following expansion for them 

oo 

G dyn = J2 G t?, (3-1) 

n=2 
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where Gff stands for n - point contribution (degree n in physical fields) to the dynamical 
generators. The generators G dyn of classical SYM theories do not receive corrections higher 
than fourth order in fields fUJEl^l; while the generators G d ^ for supergravity theories 
are nontrivial for all n > 2 1201 12*T ] 10 . 

The 'free' generators G d ^ (jSHJ), which are quadratical in fields, were discussed in the 
preceding section (see (j2.41j) ). In this section we discuss general structure of 'interacting' 
dynamical generators G^V", n > 3. Namely, we describe those properties of the dynamical 

generators G d %™, n > 3 that can be obtained from commutation relations between G km 
and G dyn . In other words we find restrictions imposed by kinematical symmetries on the 
dynamical 'interacting' generators. We proceed in the following way. 

(i) First of all we consider restrictions imposed by kinematical symmetries on the following 
dynamical generators 

P~, Q~ R > Q~ L ■ (3-2) 

As seen from (anti) commutators (j2.1)) . (J2.7)) - (|2.14|) all kinematical generators (J2.5)) with ex- 
ception of J + ~, J IJ have the following commutation relations with dynamical generators 
()3.2|) : [G dyn , G km ] = G km . Because G km are quadratic in fields we get from this the 
(anti) commutation relations 

pdyn^ G kin^ _ q ^ n > 3 (3 3) 

Exploiting ()3.3|) for G km = (P 1 , P + , Q +L ) we get the following representation for the dy- 
namical generators ()3.2|) : 



P- = J dT n <S> (n) p- n) , (3.4) 
Qinf ,L = / dr n ^ (n) q^ L , (3.5) 



where we use the notation 

n 

^ n) = H^(pa,Xa), (3.6) 



a=l 



dv n = dr n (p)dr n (\) , (3.7) 

n n Ad~\ 

dT n (p) = {2-n) d -H d -\Y J Pa) II (27T) ( d %2 . d = 11 > ( 3 - 8 ) 

a=l o=l ^ ' 

n n 

dr n (X) = 5 8 (J2 x -)U d8x -- ( 3 - 9 ) 

a=l a=l 



10 Generators of closed string field theories, which involve graviton field, terminates at cubic correction 
Qdyn jgj |g Q n ^- ner nan d j s na tural to expect that generators of general covariant theory should 
involve all powers of graviton field h^v ■ The fact that closed string field theories do not involve higher than 
third order vertices in h^ v implies that the general covariance in closed string field theories is realized in a 
highly nontrivial way. In string theory the general covariance manifests itself upon integration out of massive 
string modes and going to the low energy expansion. See [22 for interesting discussion of this theme. 
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Densities p7 n) , q^ n f ,L in (|3.4j) . (|3.5jl depend on light cone momenta /3 a , transverse momenta p^ 
and Grassmann momenta A a . The 5- functions in (|3.8p . ([3.9)1 respect conservation laws for 
these momenta. Here and below the indices a,b = 1, . . . n label n interacting fields. 

(ii) Making use of flUSD for G kin = {J +I ,Q +R ) we find that the densities p~ n) , q~f' L 
depend on momenta p ! a and A a through the following quantities 

Kb = P'aPb ~ p{Pa , Kb = KPb - hPa , (3.10) 

i.e. the densities p7 n) , q^ n f ,L turn out to be functions of P^ b , A ab n instead of p* a , X a : 

P( n )(Pa, K, Pa) = P M (^ab, Kb, Pa) , (3.11) 
q^f' L (Pa, K, Pa) = Q^iKb, Kb, Pa) • (3.12) 

(iii) Commutators between G dyn and remaining kinematical generators G km = (J + ~ , J IJ ) 
have the form [G kin , G dyn ] = G dyn . Because G k%n are quadratic in physical fields, i.e. G k ™ = 
for n > 2, we get the important commutation relations between above mentioned G kin and 
all G dyn to be written schematically as 

[G d ^,G km ] = G d ^, n>2. (3.13) 

Before to proceed we introduce and j RL - charges by relations 12 

[J+-, G] = j + -G , [J RL , G] = j RL G . (3.14) 

It is straightforward to check that commutators ()3.13|) taken for G km = J + ~ , J RL lead to 
the following respective equations for densities g (n) = p7 n) , q^ n f' L - 

n 

+ -Xad Xa )g (n) = (2n + j + - - % (n) , (3.15) 

a=l 

n 1 

- P* d P? + o X * d ^)9(n) = (2n - J RL - % (n) . (3.16) 



0=1 



Remaining equations we will need below can be obtained from commutators (|3.13|) taken for 
Qdyn _ p- an( j Qhm _ jRi ^ jLi p or ^ggg generators the commutators (|3.13|) take a form 
[P~, G ] = and the latter commutators lead to the following equations for density p7y 

X> J A - Pafyi - 7^P a e a j%)p; n) = o , (3.i7) 

o=l 
n 

E(p^ - pfe*. + 2 7iA: Aa7iAaK " ) = • (3 - 18) 



11 Note that due to momentum conservation laws not all P^ b , (and A a b) are independent. It easy to check 
that n-point vertex involves n — 2 independent 'momenta' P^ b (and A a b). 

12 j + ~- and j^- charges can be easily obtained from commutators l|2.1[) . (|2.7[) and (|2.8p . 
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(iv) To complete a description of the dynamical generators we should consider the dy- 
namical generator J _/ . Making use of commutation relations of J^ 1 with the kinematical 
generators we get the following representation for J~ 7 : 

0=1 0=1 

= /^»(*(.)Jw+^(E^w)Pw + ^ ( 3 - 2 °) 

a=l a=l 

/l n 
dr n ($ {n)J -; + -(^9 p ,$ (ri >- ) 
o=l 

1 n 1 n \ 

v a=l v a=l 

Here we introduce new densities jzl. Commutation relations of J~ 7 with the kinematical 
generators tell us that jrJ depend on j3 a and momenta P^,, A a b (|3.10j) . 

To summarize, commutation relations between the kinematical and dynamical generators 
give us the expressions for dynamical generators (j3.4|) . (j3.5|) . (j3.19|) - (j3.21J) . where all densities 
P7 n )i <Z(«) ' iJm depend on F ! ab , A ab and the densities satisfy the equations (|3.15|) - (|3.18|) . 

In order to fix the densities p7 n) , g ( ~f' L , jzl we should consider commutation relations 
between respective dynamical generators and a general strategy of finding these densities 
consists basically of the following two steps: 

• First step is to find restrictions imposed by commutation relations of Poincare super- 
algebra between dynamical generators. Usually from these commutation relations one 
learns that not all densities are independent. It turns out that density is still to 
be independent, while all remaining densities, i.e. <?(~f' L , are expressible in terms 
of p7 v 

• Second step is to find solution to the independent density pZy The solution is found, 
as we will demonstrate below, from the requirement that all densities, i.e. p7 n) , Q^f' 1 , 
j'rf, be polynomial in the transverse momenta p ! a (and Grassmann momenta A a as 
well). This requirement we shall refer to as a locality condition. 

Below we apply this strategy to study 3- and 4-point interaction vertices. 



4 Cubic interaction vertices 

Although many examples of cubic vertices are known in the literature, constructing cubic 
vertices for concrete field theoretical models is still a challenging procedure. The general 
method essentially simplifying the procedure of obtaining cubic interaction vertices was dis- 
covered in JT], developed in ^21 EH] and formulated finally in JUj- One of the characteristic 
features of this method is reducing manifest transverse so(d — 2) invariance (which is so(9) 
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for lid supergravity) to so(d — 4) invariance (which is so(7) in this paper) 13 . On the other 
hand, it is the so(7) symmetries that are manifest symmetries of the unconstrained super- 
field formulation of lid supergravity. In other words the manifest symmetries of our method 
and those of the unconstrained superfield formulation of lid supergravity match. In this 
section we would like to demonstrate how the method of Ref-jTUj works for the case of lid 
supergravity. 

As was explained above (see ()3.11|1 ) cubic vertex p~ i} depends on the 'momenta' F ab , A ab 
and p a , where a,b — 1, 2, 3 label three interacting fields in cubic vertex. The variables P{ 2 , 
P23, P^ however are not independent: all of them are expressible in terms of P 7 defined by 14 

1 3 

P'^E^' P a =P a+1 -P a+2 , Pa = Pa + 3- (4.1) 

6 a=l 

The same holds for Grassmann variables A ab , z.e. due to momentum conservation laws for 
P a and Grassmann momenta A a the variables A12, A23 A31 (see I3.1()|) are also expressible in 
terms of the variable A defined by 

1 3 

A=T/?A. (4.2) 

6 a=l 

The usage of P 7 and A is advantageous since they are manifestly invariant under cyclic 
permutations of indices 1,2,3, which label three interacting fields. Thus the vertex p~ is 
eventually function of P 7 , A and P a : 

p- =p- ) (¥,A,p a ). (4.3) 

In general the vertex p~ is a monomial of degree k in P 7 . As is well know the generic 
lie? supergravity is described by vertex p~, which is monomial of degree two in transverse 
'momentum' P 7 , i.e. have to set k = 2. However for flexibility we keep k to be arbitrary. By 
doing this we will be able to demonstrate explicitly the fact that cubic vertices corresponding 
to k — 4, 6, which are responsible for the higher derivative R 2 and R 3 - terms (R stands for 
Riemann tensor), do not admit supersymmetric extension. 

The method of finding cubic vertices suggested in [TU] consists of the following steps: 

(i) First we find dependence of the vertex p~ on 'momentum' P 7 . To this end we use 
commutation relations [P~ , J IJ ] = 0, which lead to the following equations for p^ 3) : 

J IJ (¥ 1 A)p- j) = 0, J 7J (P,A) = L 7J (P) +M 7J (A), (4.4) 

where orbital part of angular momentum is given by 

L 7J (P) = P 7 <9 P ./ - P J <9 P / , (4.5) 

13 In the preceding studies [Hj, reducing the manifest so(d— 2) symmetry to so(d — 4) was used to formulate 
superfield theory of II A superstrings. In the latter reference the reducing was motivated by desire to get the 
unconstrained superfield formulation. In ^U] the main motivation for reducing was desire to get the most 
general solution for cubic vertex for arbitrary spin fields of (super) Poincare invariant theory. Discussion of 
the so(7) formalism in the context of M(atrix) theory can be found in \2'6\. 

14 By using momentum conservation laws for and j3 a it is easy to check that P{ 2 = P23 = = P 7 . 
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while spin operators are given by 



M RL (A) — -9 A A — 2 , (4.6) 



2 

L 

2< 



M ij (A) = ~6 A f j A, (4.7) 



M ra (A) = -^Mv 7 ^A, (4.8) 

M Ll (A) = ^pAYA- (4.9) 
Here and below we use the notation 

/3 = /W 3 , (4.10) 
and #a is a derivative with respect to A: 

e A = d Al {0 Aj A} = i. (4.ii) 

In what follows we prefer to exploit instead of 'momenta' F 1 = (P L ,¥ R ,¥ l ) a dimensionfull 
'momentum' P L and dimensionless variables q\ p defined by 

. _ pi pip _|_ 2F R ¥ L F R _ q 2 

i = pi ' /> = ^prp ' pr = p ~ y • ( 4 - 12 ) 

In terms of the new variables the cubic interaction vertex can be cast into the form 

Pn = (P L ) i V(q,p,P,A), (4.13) 

which demonstrates explicitly that the vertex p~ is a monomial of degree k in transverse 
'momentum' P 7 . In terms of new variables various components of the orbital momentum 
operator (j4.5j) take the following form 

L RL = qd q + 2pd p - F l O f l , (4.14) 
L ij = q l d q3 - qW qi , (4.15) 
L Li = 8 q i , (4.16) 

L Ri = (p- ^)d qi + q\qd q + 2pd p - P L ^,) . (4.17) 

To demonstrate main idea of introducing the variable q l let us focus on the Li part of 
Eqs. fl4.4j) . Plugging in the Li part of Eqs. fj4.4jl the respective representations for and L L% 
in fJUBl) and fJUEj) we get 

(d q >+M Li (A))V = 0, (4.18) 
where M Ll is given in fj4.9j) . Solution of (j4.18j) is easily found to be 

V(q,p,p,A) = E q V(p,l3,A), (4.19) 
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where an operator E q is defined to be 



E q = exp(-q j M Lj (A)) . (4.20) 

Thus collecting above-given expressions we get the following intermediate representation for 
the vertex p~: 

Pn = (? I ') k E 9 V(p i j3 i A). (4.21) 

Next step is to find dependence on variable p. To do that we use LR, Ri and ij parts of 
Eqs. fl4.4j ). Details of derivation may be found in Appendix B and our result is given by 

V(p,P,A) = E p V ((3,A), (4.22) 

where an operator E p is defined by relation 

E > = D-^) B 2nn!r(| + t ( MLJ ( A ) mLJ ( A ))" ( 4 - 23 ) 

and new vertex V satisfies the following equations 

(M RL (A) - k)V = 0, (4.24) 

M m (A)V = 0, (4.25) 

M ij (A)V = 0. (4.26) 

As seen from (I4.22j) the vertex Vq depends only on Grassmann 'momentum' A and light cone 
momenta (3 a . The dependence on the transverse space 'momentum' F 1 is thus fixed explicitly 
and we get the following representation for the cubic vertex 

p" (P, A, I3 a ) = (F L ) k E q E p V (A,(3 a ) , (4.27) 

where V satisfies Eqs. (l4.24|) - (j4.26J) . We note that while deriving this representation we used 
general form of the orbital momentum L IJ (|4.4|) . which is valid for arbitrary Poincare invari- 
ant theory. Therefore the representation for the vertex p~ 3) given in ()4.27|) is universal and 
is valid for arbitrary Poincare invariant theory. Various theories differ by: (i) spin operators 
in angular momentum (for the case under consideration these spin operators are given in 
(|4.6J1 - (|4.9J) ): (ii) the vertex Vq, which for case under consideration depends on Grassmann 
'momentum' A and light cone momenta (3 a . Now we proceed to the second step of our 
method. 

(ii) At this stage we find dependence on Grassmann 'momentum' A. To this end we 
use Eqs. (|4.24j) - (j4.25|) . which turn out to be very simple to analyze. Indeed, making use of 
expression for M RL (A) given in (J4.6j) we find the equation 

A6 A V = 2(2- k)V . (4.28) 

An operator A#a counts power of Grassmann 'momentum' A involved in the vertex Vq that 
cannot involve terms having negative power of A, i.e. eigenvalues of the operator A#a must 
be non-negative. Eq. ()4.28|) implies then that vertices with terms higher than second order 
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in F 1 , i.e. with k > 2, are forbidden. Note that the values k = 4 and /c = 6 correspond to 
the R 2 - and i? 3 - terms. Therefore, the fact that vertices with k — 4 and k = 6 are forbidden 
implies that the i? 2 and i? 3 - terms do not allow supersymmetric extension. One important 
thing to note is that we proved absence of supersymmetric extension of the R 2 and R 3 - 
terms by using only commutation relations between Hamiltonian P~ and the kinematical 
generators. It is reasonable to think that the kinematical generators do not receive quantum 
corrections. If this indeed would be the case then our result could be considered as light 
cone proof of non-renormalization of R 2 and R? terms in lid supergravity 15 . 

The remaining case of k = 2 corresponds to cubic vertex of generic lid supergravity 16 and 
Eq. (j4.28J) tells us that for lid supergravity the Vq does not depends on A at all, i.e. entire 
dependence of the cubic vertex p~ s) ()4.27|) on 'momenta' F % and A is governed by ^-operators 
E q , E p ()4.20|) . (j4.23|) . which are purely algebraic in nature. 

(iiii) Last step is to find dependence of V on three momenta (3 a . Because of conservation 
law Yla=i @ a = ^he vertex Vq depends on two light cone momenta. Therefore we need two 
equations to fix Vq. One of equations is obtainable from commutator [P~, J + ~] = P~ and 
was given in ()3.15|h where we have to set = —1, n = 3, g {3) = pZ y Exploiting then the 
representation ()4.3|) we obtain the following equation 

3 

E Padp. + — A#a + k - 2)p~ 3) = , (4.29) 

a=l A 

which in terms of Vq takes the following form 

3 

5>.fyyo = 0. (4.30) 

a=l 

The second equation for Vq can be found from commutation relations between dynamical 
generators and requirement we call a locality condition to be formulated precisely below. 
Namely, making use of commutator [P~, J~ J ] = and expression for J" 1 given in (j3.19|l - 
(|3.21j) one can find the following relation (for details see Appendix C) 

2P^ 3 ^ 

3m = - 3|pj2 PoPofyaPw ■ ( 4 - 31 ) 

' ' a=l 

This expression tells us that the density is not independent quantity but expressible 
in terms of the interacting vertex p7 3) . Remaining commutators between the dynamical 
generators also do not fix the vertex p7 3) uniquely. This implies that restrictions imposed by 
commutation relations of Poincare superalgebra by themselves are not sufficient to fix the 
interaction vertex p~ 3) uniquely. To choose physical relevant vertices pZ, and jzf, i.e. to fix 
them uniquely, we impose the requirement we refer to as the locality condition: demand the 
vertices pZ., jzl be monomial in F 1 . As to the vertex pZ 3) we demand this vertex be local (i.e. 
monomial in F 1 ) from the very beginning. However from Eq. ()4.31|) it is clear that local pZ 3) 
does not lead automatically to local density From the expressions for p (see 14.12)) and 

15 Discussion of the R 2 and R 3 - terms in string theory effective action may be found in |24| . 
16 Note that Ea. (|4.28|l does not formally rule out the cases of k = 0, 1. It is easy to demonstrate however 
that these cases are ruled out by Eos. (|4.25JI . (|4. 26(1 . 
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formulas ()4.23|) . (j4.27|) on can demonstrate that the locality condition amounts to requiring 
the V satisfies the equation 

3 

J2MadpV = 0. (4.32) 

a=l 

This equation reflects simply the fact that in order to cancel denominator | IP | 2 in r.h.s of 
Eq. (j4.31|) we have to cancel the contribution of n = term to the expansion ()4.23|) . Equations 
(j4.30J) and ()4.32|) tell us that Vq does not depend on momenta (3 a at all and therefore Vq is 
fixed to be 

Vo = f , (4.33) 

where k is gravitational constant (see formula 1)4.39)1 below). Thus our final result for the 
cubic vertex is 

p- ) (F,A,f3) = ^F L2 E q E p , (4.34) 

where the E- operators E q and E p are given by (|4.20|) and ()4.23j) . Note that in expression 
for E p corresponding to lie? supergravity vertex we have to set k = 2 and this gives the 
expansion 

2 

E p = l- -M Li (K)M Li (A) + — — (M Li (A)M L *(A)) 2 . (4.35) 
9 7-18 

Making use of these expressions and formula for M Ll (A) given in ()4.9)1 we can work out an 
explicit representation for the cubic vertex in a rather straightforward way 

3 :P - = P £2_ J^ajS> A+ _L(aj1>a)2_ _J3!^ (A y A )2 



K 



2y/2f3 16{3 2 9 • 16/3 2 

pi? m>R2 

+ —, ^Ag b A(A 7 J 'A) 2 + s ((A 7 j A) 2 ) 2 , (4.36) 

9- 16V2(3 3 2 7 • 63/3 4 

where throughout this paper we use the notation 

^ = PY, |P| 2 = P 7 P 7 . (4.37) 

Thus the action in cubic approximation is given by expression f!2.45|) . where we have to insert 
Hamiltonian P~ given by ()3.4)) and ()4.34|) . Note also that formulas ()4.3H) and ()4.36|) imply 
the relation 

3m = • ( 4 - 38 ) 
We choose normalization ()4.33|) so that the cubic vertex for graviton field obtainable from 
our action ()2.45J) coincides with that of Einstein-Hilbert action taken in the normalization 

Seh = I d u xC E H, £eh = 7^2V~9 R- (4-39) 



2k 2 

Let us make comment how the normalization of our vertex can be related with that of the 
action ()4.39j) in a most simple way. Making use an expansion for metric tensor 17 



9iw 



V + v^^V (4.40) 



17 We adopt the conventions R^ v \ p = d\T^ p + . . ., R vp = R^v^p. 
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we get the following expansion (up to total derivatives) for Einstein-Hilbert Lagrangian 
(14.39)) in cubic approximation 

-£eh | (3) = jh^d^hpxduhpx + ^h^dxh w d p K x + l-h^d p K x dph Xf , . (4.41) 



To derive this formula we use the constraints M — and d^W = as we are going to treat 
cubic vertices in light cone gauge 

h ++ = , h + - = , h +I = , (4.42) 



which leads to such constraints. Making use of light cone gauge (|4.42J) gives the following 
solution to non-physical degrees of freedom {h 11 = 0): 

h-'ip) = - P j h IJ (p) , h~(p) = ^ h IJ (p) . (4.43) 

Plugging (J4.42j) . (J4.43j) into ()4.39|1 and keeping in mind (|2.45jl we get Hamiltonian 

P- =V2,J dT 3 ( P ) (h™h™hf-^ + hl K h}»h« N ^) , (4.44) 

where h T a J = h IJ (p a ). An integration measure dT 3 (p) is given by (|3.8|) in which we set n = 3. 
Now in order to fix the normalization ()4.33j) it suffices to compare the F L2 h RR h RR h LL terms 
in firajl and 

To summarize we got two equivalent representations for the cubic interaction vertex given 
in (|4.34p . ([4.36p . The representation ()4.36p being written manifestly in terms of the bosonic 
'momentum' P 7 and Grassmann 'momentum' A is not convenient, however, in calculations. 
In contrast to this, the representation 1)4.34)1 does not show explicitly a dependence on the 
'momenta' P* and A. However the remarkable feature of representation (j4.34j) is that it is 
expressed entirely in terms of E- operators which have simple algebraic properties. For this 
reason the representation ()4.34)) is most convenient in various practical calculations. It is 
representation ()4.34)) that is universal and can therefore be extended in a straightforward 
way to the cases of lOd II A supergravity and SYM theories. 

4.1 Supercharges in cubic approximation 

As was said above in supersymmetric theories of interacting fields the dynamical supercharges 
also receive interaction - dependent corrections. In order to complete our study we have to 
fix dynamical supercharges too. To derive the supercharges we could use the procedure 
we exploited for evaluation of Hamiltonian in the preceding paragraph. For the case of 
supercharges there is however a shorter way, which is based on exploiting the expression 
for Hamiltonian density p^ 3) above obtained. We proceed as follows. From commutation 
relations 

[p-,Q- R > L ] = (4.45) 
we get the following representations for the supercharge densities q~ R ' L \ 



19 



where we introduce operators Q R ' L (A) defined by 

Q- R (A) = -^=9 A f + If r A, ^ l (A)ePX + 4-^ (4.47) 
y/2 p V2f3 

and (3 is defined in f!4.10|) . By using the representation for p~ 3) given in ()4.36|) we find from 
(|4.46|) the following manifest representation for the supercharges 



o m>L | pfi 

q-p = — -VAAVA — 7 i AA 7 i AA fA ^AA^A^'A) 2 , (4.48) 

« C ) 18/? 36V2/? 2 16- 63/3° 



o pi pi? 

= — P L A + r(8AA 7 i A - f^'AAVA) + — ^A(AfA) 2 . (4.49) 

k C ) 18>/2/3 72/3 2 

Because Q~ L commutes with J Li the supercharge density gC^ admits the representation 
similar to (14341 (or (jQ7ll ): 

g~ L (P, A, /?) = P^.^go^A, /3) . (4.50) 
where the g~Q L can be considered to some extent as superpartner of Vq ()4.33|) and is given by 

-g L (A,/3) = i 7 WA. (4.51) 
« 18/5 

Note that in ()4.50|) is given by ()4.23|) . where we have to set k = 1. The expressions 
for g^f' 1 ' (|4.48j) . (j4.49|) can be used to rederive the pZ, (|4.36p by using anticommutator 
{Q~ R iQ L } — —P - This provides additional check to our calculations. 



5 4-point interaction vertices 

In this section we extend our analysis to 4-point interaction vertices. It should be emphasized 
from the very beginning that we do not consider 4-point interaction vertices of the generic 
lid supergravity PQ |2H]- Here we study 4-point vertices that are invariant with respect 
to linear supersymmetry transformations and do not depend on contributions of exchanges 
generated by cubic vertices. These 4-point vertices in their gravitational bosonic sector 
involve higher derivative terms that can be constructed from Riemann tensor and derivatives, 
i.e. they can be presented schematically as d 2n R 4 . We will be able to find these vertices 
with arbitrary powers of derivatives, i.e. for arbitrary value n. The bosonic bodies of 
these supersymmetric vertices appeared in various previous studies and they are of interest 
because they are responsible for quantum corrections to classical action of lid supergravity. 
Light-cone formulation we promote here allows us to find simple and compact expressions 
for these 4-point vertices, which might be useful in various future studies. One of interesting 
results of our study is that it is the supersymmetric formulation based on unconstrained 
light cone superfield that allows us to develop these simple and compact expressions for 
higher derivative vertices. Note also that a by-product of our study will be a derivation of 
superspace tree level 4-point scattering amplitude of the generic lie? supergravity theory. 
Thus we are interested in 4-point Hamiltonian 

P- = / dT^ wp - } , (5.1) 
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where $ (4) and dT^ are given by formulas ()3.6J) . (j3.7|) in which we set n = 4. According to 
f!3.11|) 4-point interaction vertex pZ depends on the variables 

P^, A ab , p a , a, b =1,2, 3, 4, (5.2) 

where indices a, b label four interacting fields. The 'momenta' P^ fe and A ab however are 
not independent. Indeed making use of conservation laws it is straightforward to get the 
following relations 

K = + , A 12 = A Al3 + |La 24 , (5.3) 

Pl3 Pl3 Pl3 Pl3 

P ab = p a + /3 b . (5.4) 

Using these relations and those obtainable from them by making cyclic permutations of 
indices 1, 2, 3, 4 it is easy to see that all P^ fc and A ab can be expressed in terms of 'momenta' 
P{ 3 , P 24 and Grassmann 'momenta' A 13 A24. Therefore we can choose the representation in 
which the vertex depends only on P{ 3 , P^, A 13 , A 2 4 and (3 a . The usage of P{ 3 , P 24 and A 13 , A 2 4 
is advantageous because these variables transform into each other under cyclic permutations 
of indices 1,2,3,4. By analogy with ()4.12jl we introduce then new dimensionless variables 

Qab, Pab'- 

mi mi mi _i_ omR mL mR „i n i 

i _ ^_ab _ r ab r ab ~r ^ r ab r ab r ab _ _ HgbHgb /r r\ 

lab — mL ' " ah ~ 9F L2 ' P L _ 2 

ab ab ab 

Note that we drop the summation rule for repeated four external line indices a, b. With this 
notation it is clear that the most general 4-point interaction vertex depending on P{ 3 , P24, 
A13, A 24 and (3 a can be cast into the form 

P(4) = P(4)(9l3,924, A13, A 2 4,Pi 3 ,P24,Pl3,P24 ) /3a) • (5-6) 

Thus by using (|5.5j) we have replaced the variables P* 13 , P{| and P 24 , P^ by the respective 
variables q\ 3 , pi 3 and g 24 , p 2 4. 

As before the vertex p7 A) can be found by exploiting commutation relations of Poincare 
superalgebra and requirement of locality with respect to transverse momenta. In 4-point ap- 
proximation the commutation relations between Hamiltonian P~ and remaining generators 
G take the following form in general 

[P , G\ A) = [P (2) , G w ] + [P (4) , G (2) ] + [P (3) , G (3) ] . (5.7) 

Here we are interested in Hamiltonian that has no interaction corrections to cubic order 
i.e. we restrict our attention to the case Pz. = 0. This implies that in (|5.7j) we can drop 
the commutator [P~ ); G (3) ]. Note that it is the latter commutator that is responsible for 
exchange contributions. The restriction Pz = simplifies analysis significantly. Because 
we have demonstrated that in cubic approximation there is only the vertex of generic lid 
supergravity theory our analysis does not involve only the 4-point interaction vertex of that 
theory. In other words it is the assumption of Pz = that leaves aside the 4-point vertex of 
the generic lie? supergravity. Thus taking into account the restriction PZ = the 4-point 
commutator ()5.7|) simplifies as 

[P , G] w = [P (2) , G {4) ] + [P {4) , G {2) ] ■ (5.8) 
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It turns out that in order to find P (4) it suffices to consider the following commutation 
relations [P~ , J+~) = P~, [P~, J IJ ] = and [P~, J~ L ] = 0, [p-,Q~ R < L ] = 0, which lead in 
4-point approximation to the equations 

[P-J+-]=P-, [P-J IJ ] = 0, (5.9) 



[Pw + [P^ = o , [p^, Q7^ L ] + [p^ Q^' L ] = o • (5.io) 

Moreover we are interested in vertices pz. whose momenta p^ satisfy the relation 



i 



£p«=o, Pa=-?jr- (5-11) 



o=l 



0a 



Because this relation expresses simply the energy conservation law we shall refer the hyper- 
surface defined by (|5.11|) to as the energy surface. Obviously the condition (|5.11|) decreases 
number of independent variables of vertex p~ A) shown in r.h.s. of Eq. ([5.6)1 . Indeed making 
use of relation 

v m _ n 3 K via ( , 12) 

^ (3 a P&fa + (3 2 {3 4 {3 24 1 • ] 

we are going to demonstrate that on the energy surface the variables px3 an d P24, which were 
independent so far, can be now expressed in terms of remaining variables shown in r.h.s. of 
Eq. (|5.f)jl and Mandelstam variable u 

Pl3 "^Pff' P24 "^P|f (5 ' 13) 
To this end and in order to fix our notation we use Mandelstam variables defined by relations 
s = -( Pl +p 2 ) 2 , t = -( Pl +p 4 ) 2 , u = ~( Pl +p 3 ) 2 , (5.14) 

s + t + u = 0. (5.15) 

Making use of on mass-shell equation for massless particles (2nd relation in (|5.11jl ) it is easy 
to get a representation of Mandelstam variables in light cone basis: 

s _« 2 ,nA u _nA (516) 

By using then the relations given in (J5.5j) and representation for u given in (|5.1fi|) one can 
make sure that on the energy surface ()5.11|1 (see also (|5.12jl ) the variables P13, p 24 admit the 
representation ()5.13|) indeed. 

Now we consider commutation relations ()5.9|) . (j5.10|) in which the vertex p~ 4) is restricted 
to the energy surface. Exploiting the condition 1)5.11)1 in l)5.9j) . (|5.10|) leads to the following 
equation for 4-point Hamiltonian 

[P~ , J+-] = P- , [P~ , J IJ ] = , [P-, g-f ,L ] = , [P w , J[ 2) L ] = . (5.17) 

These equations in terms of the vertex pj 4) defined by 1)5.1)1 take the following form 

4 

3 . „ 3 



»i 3 d^ + P24<% 4 + - A 13 Al3 + 2 A 24 A24 + Wfia - i)p^ = , (5.18) 

a=l 
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(Qi3 R,L + Q 2 4 R,l )p w = 0, 
(Jk+Ju)pw = 0, 

where the differential operators J*jj , Q a6 ' are defined by 



M% = \o Aab ^A ab , 
MS - P^O^Oa* , 



rLi _ Kbl'Kb 



'ab 



Qab — fK®Kb n n n ^ab^ab , 

V2 PaPbPab 

Qab = P aA af) r- tabKb ■ 

V ^PaPbPab 



We succeeded in finding most general solution to the defining equations (|5.18j) - (|5.21|) and 
our result is given by (details may be found in Appendix D): 



Pu } = (q 2 L ) 2 ^p^E ai3 E q24 E u g(s,t,u), 

Pl3 

where operators E qab , E u are defined to be 

E qab = exp{-qUM%) , 

/ uA L fi L A L \ 

The new variables q l L and A L which enter the operator E u f!5.31|) are defined to be 

<t L = 013 - 024 , 

A L = A 13 Pf 4 - A 24 Pf 3 , 
while the operators which enter E qab ()5.3U|) are defined by (|5.26j) . 



5.19) 
5.20) 
5.21) 

5.22) 

5.23) 
5.24) 
5.25) 

5.26) 

5.27) 
5.28) 



5.29) 

5.30) 
5.31) 

5.32) 
5.33) 
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Explicit form of a function g(s,t,u) ([5.29)1 . which depends on Mandelstam variables s, 
t, u, cannot be fixed by exploiting restrictions imposed by global symmetries alone. This 
function is freedom of our solution. The only requirement is that the g(s, t, u) be symmetric 
with respect to s, t, u 18 . If we assume that g(s, t, u) admits Taylor series expansion then the 
lower order terms in infinite series expansion of g(s,t,u) take the form 

g{s,t,u) = g + g 2 {s 2 + t 2 + u 2 ) + g 3 stu + g^s 4 + t 4 + w 4 ) 

+ g 5 stu(s 2 + t 2 + u 2 ) + ge-^s 6 + t 6 + u 6 ) + g 6 . 2 (stu) 2 + . . . . (5.34) 

Note that all that is important to derive this expansion are the relation ()5.15)) and require- 
ment the function g(s,t,u) be symmetric in s, t, u. Plugging g n terms (J5.34)) in ()5.29j) gives 
superinvariants that consist in their gravitational bosonic body the higher derivative terms 
constructed from four Riemann tensors and 2n derivatives 

g n d 2n R\ (5.35) 

where d 2n stands for 2n derivatives spread among four Riemann tensors. 

Because in the literature R A terms usually are considered in covariant Lagrangian formu- 
lation we relate now the coefficient go in expansion ()5.34|) with that of covariant formulation. 
This is to say that go is given by 

g 

go = -k 4 k (4) , (5.36) 
where k is a coupling constant that appears in front of R A terms in covariant Lagrangian 19 

= « (4) W# , W R , = W X + ^W 2 , (5.37) 



and we use the notation 20 



W\ = -R42 + — — o-^ 46 ' (5.38) 
Z 4 o 

W 2 = #43 + \Ru - 4^45 - 2^6 , (5.39) 



i? 42 = Tr R^RypR^Rap , (5.40) 
-R41 = Tr Rp i yRypR p(J R a p , (5.41) 

-R43 = Tr Rp_y R pa Tr RfjyRpv , (5.42) 

18 Because the measure dT^ and product of four superfields in 1)5. 1|> are symmetric upon any permu- 
tations of the four external line indices 1,2,3,4, the 4-point vertex p~ 4j (|5.1|l should also be symmetric upon 
such permutations. Below we prove that (<7^) 2 - term which is front of function g(s,t,u) l|5.29[l is symmetric 
upon any permutations of the indices 1,2,3,4 and this leads to requirement the g(s 1 t,u) be symmetric upon 
any permutations of s, t, u. 

19 It is clear that the factor y/—g in l|5.37(l is not important for our analysis as we restricted ourselves to 
the 4-point vertices. 

20 We exploit the basis of R 4 terms l|5.4U[l - <|5.45ll . which was introduced in Appendix B2 of Rcf . . From 
that Appendix one can learn that Wr* admits the representation Wr& = j^jtstsR 4 ■ 
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i?44 = (Tr R^R^f , (5.43) 
-R45 = Tr R^R^RppRpo- , (5.44) 
i?46 = Tr RpyRpcRpyRpv . (5.45) 

In these formulas an matrix Rp V stands for Riemann tensor i?^f and Tr indicates trace over 
Lorentz indices A, B. 

In other words, if gravitational bosonic body of covariant supersymmetric Lagrangian 
is given by the expression (J5.37|) then the corresponding light cone gauge supersymmetric 
Hamiltonian is given by expressions ([5. 1)1 . ([5.29)) with g given by ()5.36|) . Remaining g n - terms 
with n — 1, 2 . . . in interaction vertex ()5.29|) corresponding to Lagrangian ()5.37|) should be 
set equal to zero. Derivation of the relation ()5.36|) may be found in Appendix E. 

The formula 1)5.36)1 linking constants of bosonic body of covariant Lagrangian and cor- 
responding light cone gauge supersymmetric Hamiltonian can easily be generalized to the 
higher derivative terms. This is to say that if d 2n R A - terms of covariant Lagrangian are given 
by 

Cf R ± = V=g~ f(s,t,u)W Ri , (5.46) 

then the corresponding 4-point light cone gauge supersymmetric Hamiltonian is given by 
formulas (J5.1)) . (J5.29)) . where the function g(s, t, u) (|5.34j) is expressible in terms of the function 
f(s, t, u) as follows 

g(s,t,u) = ^f(s,t,u). (5.47) 

The function f(s,t,u) being symmetric in s t, u has the expansion similar to that of the 
function g(s,t,u) (I533I) 21 : 

f(s,t,u) = fo + f2(s 2 + t 2 + u 2 ) + f 3 stu + U(s 4 + t 4 + u*) + .... (5.48) 

A few remarks are in order. 

(i) Rewriting the interaction vertex ()5.29|) in the form 

p7 A) =Kg{s,t,u), K={q 2 L ) 2 K 13 24j E qi3 E q2i E u , (5.49) 

Pl3 

we remind that the quantity K is usually referred to as kinematical factor. Our solution 
to interaction vertex implies that there is unique kinematical factor. The fact that there is 
unique on shell kinematical factor consisting in gravitational bosonic sector R 4 - terms has 
been previously argued 22 by lifting the unique kinematical factor of II A lOd supergravity 
to eleven dimensions. Our study demonstrates this fact directly in eleven dimensions, i.e. 
our approach does not rely upon procedure of lifting which should be used with some care 
in supersymmetric theories 23 . Thus a complete set of on shell 4-point interaction vertices 



21 The coefficient /o for effective M-theory action is given in |271 128| (see also related discussion in \'29\). 
For the case of lid supergravity the function f(s,t,u) describes quantum correction to the classical action 
of 11c? supergravity. Calculation of various loop corrections to the coefficients /o, fi, f§ may be found in 
|3(J1 131 j . Review of this theme and extensive list of references may be found in |32|-|34|. 

22 For a discussion of covariant superfield description of R A terms in lOd see e.g. For a collection 

papers devoted to superspace description of R 4 terms in 10c?, lid theories see e.g. |37| . 

23 Arguments beyond the lifting procedure may be found in 
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is given by product of unique kinematical factor and arbitrary function g(s,t,u). It is 
interesting to note that for n — 0, 2, 3, 4, 5 the expansion ()5.48|) involves only one symmetric 
monomial of degree n in s, t, u. This implies simply that for these values n there is only one 
on shell supersymmetric 4-point vertex. 

(ii) The expression for the vertex p~ } given in ()5.29|) is not manifestly polynomial in 
Pf 3 , Pg4 an d q 2 because these quantities appear sometimes in denominators. One can check 
however that making use of various Fierz identities for gamma matrices leads to cancellation 
of some nonlocal expressions in Pf 3 , P^ and q 2 . Remaining nonlocal expressions can be 
removed then by exploiting the relations 

p £=§f"-iN< p £=§t"-iN< < 5 - 5o) 

which imply that some nonlocal expressions in P^ 3 , P^ can be traded for local expressions 
in terms of P{|, P^. In fact the price we paid to get simple representation for the 4-point 
interaction vertex ()5.29)) is a loss of a manifest locality with respect to Pf 3 , P24 and q 2 . 

(iii) The interaction vertex ()5.29j) (or 1)5.49)1 ) should be symmetric under any permuta- 
tions of four external line indices 1,2,3,4. The symmetry properties of function g(s,t,u) are 
not fixed by supersymmetries and therefore we simply demand this function be symmetric 
under any permutations of indices 1,2,3,4, i.e. s,t,u variables. As to the kinematical factor 
K (J5.49)) its form is fixed uniquely by supersymmetries and it turns out that K is indeed 
symmetric under any permutations of 1,2,3,4. Let us demonstrate this important feature of 
the kinematical factor explicitly. Kinematical factor K is explicitly symmetric under cyclic 
permutations of indices 1,2,3,4 and two permutations 1^3 and 2 <-> 4. Thus all that 
remains is to prove that K is symmetric under permutation 2 «-> 3. All remaining permu- 
tations can be presented as combination of the above-mentioned permutations. We proceed 
with analysis of {q 2 ) 2 - term that is in front of ^-operators. This (q 2 ) 2 - term can be cast into 
the form that is manifestly symmetric under any permutations of 1,2,3,4. Indeed making 
use of relations 



/3i 2 3 



-q 2 = Pf 2 Pf 4 t-Pf 4 Pf 3 s 



-Pf 3 P^-Pf 2 P 3 L 4 w 



= Pf 3 P^ + Pf 4 P|n. (5.51) 
it is easy to see that (q 2 ) 2 - term of K can be cast into the manifestly symmetric form 



L jp>L \4 

3 IT , 



_yr_247 i„2\2 

34 







(q 2 ) 2 = -(^A) 2 ut - (F^Afst - {^Afsu , (5.52) 



13 



which demonstrate that (q 2 ) 2 - term of K is indeed symmetric under any permutations of 
1,2,3,4. All that remains is to prove that 

E qi3 E q2i E u — is invariant under permutation 2^3. (5.53) 
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This important property can be proved as follows. Introducing new 'momentum' P % by 
relation 

P l = Pf 3 P^ (5.54) 

and making use of relations ()5.3j) one can prove that Pypn and A L //3 13 are antisymmetric 
under any permutations of indices 1,2,3,4. This is to say that these quantities change sign 
upon permutation 2^3: 



(5.55) 



EL ^4 -EL LL ^4 _^ 

ftl3 Pl3 Pl3 ^13 

In terms of variable P % one has the following representation for lnE^ (see (|5.31Jl ): 

2v / 2;3i 3 P 2 Pf 3 P 2 l 4 

Taking into account this representation and (|5.55|) we get relations 

\nE u — > — = — — = In E u _ / - — -, (5.57) 

2V2(3 13 P^ 2 F^ 2 v / 2/5 1 3 3 Pf 2 Pf 4 



where we use the formula 



tb>L toL toL "pL 

^-Mt—^ll (5-58) 

r 13 r 2A H13 

Finally, because of relation 

In E qi3 + In E g24 ^4 -q\ 2 M% - q^Mg (5.59) 

and formula 

- q\2M?j - q\Ml ~ 2 ^3 p l = -^3 M i L 3 - vLMM , (5.60) 

we see that the statement in ()5.53|) is indeed true. 

Making use of just proved symmetry properties of the E- operators the 4-point vertex 
can be cast into more symmetric form with respect to s, t, u variables. Indeed introducing 
the notation 

J ab = ^ b ^EZ, (5.61) 

E s = E u \ 2 ^3 , E t = E u \ 3 ^ 4 (5.62) 

and using formula (|5.52j) the expression for the 4-point vertex (|5.29|) can be cast into the 
form 

„ - -((Ji 2 J 3 4) 2 ^ + (3n324) 2 stE u + (3 14 3 23 ) 2 usE t Ss jg(s,t,u) . (5.63) 



V 



(iv) The expression for the interaction vertex (J5.29j) (or (J5.63j0 can be used to obtain 
superspace representation for tree level 4-point scattering amplitude of the generic lid su- 
pergravity theory £Q. To this end we introduce standard representation for the S"-matrix 

S = l-2vriT, (5.64) 
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where the T-matrix has an expansion 



T = ^T (n) , (5.65) 

n 

and n point interaction-dependent correction to the T- matrix takes standard form 

/n n 
dY n 5(Y^Va) W^PaAa) *(„) • (5-66) 
o=l a=l 

In this formula p~ are those of (|5.11j) and superfield 4>(p, A) enters a solution to free equations 
of motion: 

$(p, A) = exp(ix + p~)(p(p, A) . (5.67) 

n-point density t {n) in (j5.66|) depends on light cone momenta ft a , transverse momenta p^ and 
Grassmann momenta A a . It is easy to check that the invariance requirement of the 4-point 
T (4) -matrix with respect to lid Poincare supersymmetries leads to equations for the 4-point 
density t {4) , which coincide with equations for 4-point interaction vertex p~ restricted to 
the energy surface. Therefore the general solution obtained for interaction vertex ()5.29|) can 
be used to obtain solution to the T-matrix density t (4) . All that remains is to find suitable 
function g(s,t,u). The function g(s,t,u) corresponding to 4-point scattering amplitude is 
fixed uniquely by the following two requirements: 

• The scattering amplitude should has simple poles in Mandelstam variables; 

• The superspace representation for the tree level 4-point scattering amplitudes being 
restricted to a sector of bosonic fields should has homogeneity of degree 2 in momenta 
p J a and ft a . 

These two requirements can be easily satisfied by choice g(s,t,u) = —n 2 /(12stu) in (|5.63|) . 
This leads to the following compact superspace representation for the tree level 4-point 
density t (4) : 

= £ / (JMl Es + (^l Eu + (Jl^l E \ . (5 . 68) 
12 V s u t J 

Overall coefficient is fixed so that the 4-point scattering amplitude for graviton field ob- 
tainable from ()5.68|) coincides with the standard graviton 4-point scattering amplitude of 
Einstein-Hilbert action (|4.39|) . 

Above-given expression for 4-point T-matrix can be used for deriving representation for 4- 
point scattering amplitude in various bases of in-states. For example consider representation 
of quantized superfield ()5.67|) in terms of creation and annihilation operators: 

<f>(p, A ) = t§ *(p> A ) + ^fe§ a (~p> ~ A ) > ( 5 - 69 ) 

where e(/3) = 1(0) for ft > 0(ft < 0) and the creation a(p, A) and the annihilation operators 
d(p, A) satisfy the standard commutator 

[a(p, A), a(p', A')] = 5 10 (p - p')S s (\ - A') . (5.70) 
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Introducing then the basis of ingoing superparticles N(/3)a(p, A) 1 0) we get for the tree level 
4-point amplitude A {i) defined by formula 24 

(3,4|T (4) |l,2) = (27r) 10 5 n ' 8 A 4) (5.71) 

the following superspace representation 

A w = 4!t (4) , (5.72) 

where t {4) is given in ()5.68|) and we use the notation 

^-^(E^^e^)- ( 5 - 73 ) 

a=l a=l 

Conventional scattering amplitude for component fields can be obtained from the above- 
given superspace amplitude in a straightforward way. Consider explicit representation of 
quantized fields in terms of polarizations which, say for graviton field, takes the form 

kij(p) = 7§ C >)«» + ^=§ Cf (-PK(-P) , (5.74) 



where C£ is a basis of graviton polarization states and summation over polarization states 
counted by subindex A is assumed. Using for the quantized lie? supergravity fields a repre- 
sentation similar to that given in (|5.74|) we get the conventional 4-point scattering amplitude 

» 4 4 4 

A A = I 5 8 (E A «) II ^ II ^i(Pa, K) A , (5.75) 

a=l a=l a=l 

where a superfield 4> po i(p,X) is obtainable from ()2.16|) by replacing the quantized fields by 
appropriate polarization vectors. 

(v) Because the procedure of our derivation is algebraic in nature the result of this section 
can be easily extended to other supersymmetric theories, which have light cone formulation 
with manifest so(d — 4) transverse symmetry. In section [7| we discuss such extension to the 
case of lOd SYM theory. 



6 Superfield form of vertex operators 

In the preceding sections we have treated field theoretical description of 11c? supergravity. 
Alternative approach to study various aspects of interacting fields is based on usage of tech- 
nique of vertex operators. Because such a technique turns out to be fruitful and sometimes 
is preferable in some applictaions 25 we would like to reformulate our result in terms of vertex 

24 We use the normalization N((3) = (2tt) 5 \/2]3. Basis of outgoing superparticles is denned by 
(0\a(-p, -X)N(-P), where (3 < 0. 

25 For instance, world line representation for interaction vertex of particle with ll<i supergravity in terms 
of components fields |3S] was used to analyze loop corrections of lid supergravity [3311221 ■ Applications of 
world line approach (sometimes referred to as string inspired formalism) to discussion of UV divergences in 
gauge theories was discussed in ^UJ^J. Review and extensive list of references may be found in |42 j -|44 ) . 
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operators. Thus our goal in this section is to find linearized interaction vertices of superpar- 
ticle with fields of lid supergravity. As before we prefer to formulate our results entirely in 
terms of the unconstrained scalar superfield 26 . 

In order to explain the setup we are going to use to study superparticle vertices let us 
start with discussion of an interaction vertex of bosonic particle with Maxwell field. In phase 
space approach an action of free particle takes the form 

Sfree = J drC free , C free = V ^ - , (6.1) 

where X^(t) and V^t) are coordinates and momenta of particle, while e is Id metric tensor 
of the particle world line. Phase space equations of motion take then the form 

F = eF, = , V 2 = . (6.2) 

In light cone gauge 

X+{r) = r (6.3) 

we get solution to equations of motion 

X I (r)=x I + ^-r, X ~(t) = x- + ^-r, (6.4) 

V I (r)=p I , V + (r)=p + , V-(r)=p-, (6.5) 
1 _ p I p I 

In covariant approach an interaction of particle with spin 1 massless field is described by 
action 

S mt = J dr^(X)X^r). (6.7) 
Exploiting on mass shell condition for spin 1 massless field <fi^ taken in light cone gauge 

□0 7 = O, + = O, 0- = -|^V (6.8) 

o x - 

we get the standard representation for solution to equations of motion 

^*> = /p$^"*VM, (6.9) 
where on mass-shell condition in momentum representation takes the form 

fx, fx, , . 

*- = -2iF- (6 ' 10) 

26 Discussion of light cone world line representation for interaction vertices of particles with 1 Id supergravity 
in terms of components fields may be found in |38| . Thus as compared to this references we formulate our 
results entirely in terms of superfield. Also we do not exploit the widely adopted constraint k + = 0. 
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Plugging above given solutions of particle and field equations of motion into Si nt we get 
the following light cone Hamiltonian (sometimes to be referred to as interaction vertex) 
describing interaction of particle with spin 1 massless field: 

where 'momenta' P 7 is defined by (cf. (J4.1)) ) 

F 1 =p ! k + - k I p + . (6.12) 



Now let us turn to lie? supergravity. Our goal is to find of analog of P^ nt (jSHH) for the 
case of lie? superparticle interacting with lid supergravity fields. To this end we could use 
covariant approach and find an interaction vertex by considering a particle approximation of 
world volume action of membrane interacting with fields of 11g? supergravity. Such approach 
however is very complicated and is not useful in practical calculations because of basically 
the following two reasons: i) covariant lid supergravity superfields involve terms of 32 
powers in fermionic coordinates and have therefore very complicated structure 27 ; ii) tractable 
quantization of Green-Schwartz superparticle action is available only in light cone gauge. 
Because light cone approach allows us to avoid these troubles of covariant approach it seems 
reasonable to use light cone approach from the very beginning. This is what we are doing 
below. We will start directly with light cone representation and find the interaction vertex 
by exploiting requirement of invariance with respect to Poincare superalgebra. 

Bosonic body of 11g? superparticle light cone phase space 28 consists of coordinates X~(t), 
X 7 (r) and momenta V (t), V + (t) given in (J6.4j) . (J6.5j) . Odd part of the light cone phase 
space of lid superparticle involves eight fermionic Grassmann coordinates 6(t) and eight 
fermionic momenta A(r), which satisfy the equations of motion 

6(t) = 0, A(t) = 0. (6.13) 

Obvious solution to these equations is fixed to be 

6{t) = 6, A(r) = A. (6.14) 

Before going into details of deriving interaction vertex of superparticle with 11g? super- 
gravity fields we present our final result. 

Hamiltonian describing interaction of the superparticle with the supergravity fields is 
found to be 29 

P M = [ dTe u <S>(k,x)p7 nt , (6.15) 



where $(&, x) is the light cone superfield with expansion in components fields of lid super- 
gravity given in (J2.16|) . Measure dT and quantity Q in (J6.15|) are defined by formulas 

Q = i(kx) - x& , {kx) = k + x~ + k V , (6.16) 



27 Progress in explicit description of expansion lid supergravity superfields in fermionic coordinates was 
achieved very recently in |45j . 

28 Discussion of interrelation of this light cone superspace and covariant superspace may be found in |88| . 

29 Without loss of generality we consider the interaction vertex and generators of Poincare superalgebra 
for t — 0. Interaction vertex for arbitrary value of t can be easily obtained by using solution to equations 
of motion for superfield (|5.67() and superparticle (|6.4() - (|6.6|l . (|6.14l) . 
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rfr = W A (6 ' 17) 

and the interaction vertex p^ nt is fixed to be 

« 2^/3 16/3 2 9-16/3 2 

+ —^AfA(A^A) 2 + — ((A7*A) 2 ) 2 , (6.18) 

9- 16^2(3* 2 7 • 63/? 4 

where the 'momentum' P 7 is given in ([6. 12)1 . while the quantities A and (3 are defined by 
relations (cf. (g^fTTUJ)) 

A = Xk + - X P + , (6.19) 

$ = -p +2 k + . (6.20) 

In formula ()6.18|) k is gravitational constant and we choose normalization so that the in- 
teraction vertex for the graviton obtainable from (J6.15j) coincides with that of the standard 
action of particle interacting with graviton 

Sint = J dr 1 g^(X)X^X v , (6.21) 

where the expansion for metric tensor given in ()4.40|) and the light cone gauge (see ([4.420 . 
(ICTD . should be used. 

The expression for the vertex ([6.180 coincides with that of field theoretical approach 
given in (j4.36[) by module of definitions of the quantities F 1 , A, (3. In field theoretical vertex 
([4.360 we should exploit expressions for F 1 , A, (3 given in ([4. 10 . ([4. 20 . ([4.100 . while appropriate 
quantities for vertex ([6.180 are defined in (j6.120 . ([6.190 . ([6.2O0 . Therefore the vertex ([6.180 
can be also written in terms of i?-operators: 

Pm = ^ L2 E q E p . (6.22) 

As compared to ([4.360 the vertex ([6.220 involves an extra factor p + . Appearance of this 
factor is related to light cone gauge on superparticle coordinate X + {t) given in ([6.30 . 



6.1 Restrictions imposed by kinematical symmetries 

As before to derive above-given linearized interaction vertex of superparticle with supergrav- 
ity fields ([6.180 we use the general approach of Ref . ^1] . This is to say that both the particle 
phase variables and supergravity fields are considered to be dynamical variables and we re- 
quire this dynamical system respects symmetries of lie? Poincare superalgebra 30 . As before 
following setup of Ref.[14j we should find realization of commutation relations of Poincare 

30 In widely used alternative approach the superparticle variables are treated as the dynamical variables, 
while the supergravity fields are considered as external (background) fields. In this approach variation 
of vertices under supersymmetry transformation of superparticle variables is replaced by supersymmetry 
transformation of the supergravity fields. Various application of this approach may be found in [461 1381 B7| . 
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superalgebra for the dynamical system involving superparticle and supergravity fields. Below 
following this setup we demonstrate that restrictions imposed by Poincare supersymmetries 
and requirement of light cone locality allows us to fix linearized interaction vertex uniquely. 

Let Gp ar t and G j ie u be respective generators of the Poincare superalgebra for the free 
superparticle and supergravity fields, while G int be generators responsible for linearized 
interaction of particle with supergravity fields. The generators of the system superparticle 
plus supergravity are given then by 

G = Gpartide + Gfi e id + Gi nt . (6.23) 

The generators of free supergravity fields G j ie u are given in (j2.41j) . (|2.26|) - (j2.39p . To apply 
our method we need explicit expressions for free superparticle generators G pa rticie- These 
generators can be obtained in a rather straightforward way by using standard methods of the 
Noether procedure. We present therefore expressions for the generators without derivation 31 : 



P~=p~, P + =p + , P 1 = p l ', P~ = -^A- (6.24) 

2p + 

J +I = -ixV , (6.25) 

J+- = -i x -p + - ^6X , (6.26) 

jy = i( x *p> - x y) + \o^ j \ , (6.27) 

J RL = i(iV - x V) + \o\ , (6.28) 

j Ri = i(arV - aV) - ^j=^ , (6.29) 

j Li = i(iV - x l p L ) + = A 7 *A , (6.30) 

2y/2p+ 

J- R = U x -p R - x R p~) - -^646 + , (6.31) 

2^/2 P + 

J- L = U x - p L - x L p -) + — i A^A , (6.32) 

V ' 2V2p +2 

1 R L 

r l = i(x" P l - x l p-) + —-eytfx — ^^a 7 *a + ^-=e^e , (6.33) 

1 y y ' 2p+ 1 r 2V2P+ 2 2V2 1 ; 

Q+ R =p+e, (6.34) 



31 The superparticle generators are normalized so that if we plug a representation for (super)coordinatcs 
implied by (|6.38|) into the superparticle generators then these generators coincide with those of Section 
2. The coincidence is true by module of some terms generated by ordering procedure of coordinates and 
momenta operators in angular generators of Section 2. 
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Q +L = A , (6.35) 
Q- R = -j=9p> + ^-\, (6.36) 

Q- L =p L 9 + -^tf\. (6.37) 

The superparticle coordinates and momenta satisfy Poisson brackets that are normalized 

to be 32 

[x I ,p J ]=i5 IJ , [x~,p + }=i, {9,\} = 1. (6.38) 

Now we are going to derive restrictions imposed by the kinematical symmetries. By 
definition, these restrictions are obtainable from commutation relations of Hamiltonian P^ nt 
with kinematical generators of lie? Poincare superalgebra (|2.5|) . To elucidate the procedure 
of constructing interaction vertex let us analyze the commutation relations of P^ nt with the 
various kinematical generators in turn. 

i) Firstly, making use of the commutation relations of P~ nt with P 1 , P + , and Q +L in lin- 
earized approximation we find that a dependence of interaction vertex ()6.15|) on the bosonic 
coordinates x 1 , x~ and Grassmann coordinates 6 enters throughout the quantity Q ()6.16l) . 

ii) Secondly, we analyze restrictions imposed by commutation relations of P^ nt with gen- 
erators J +1 , Q +R . To this end we evaluate the commutators 

[P-,, J+ 1 } = - JdTe n 9(k, X ) (k + d kI + p + d pI )p M , (6.39) 

[P^nv Q +R ] = -JdTe n *(*, x) {k + d x + P + d x )p- nt . (6.40) 

Because kinematical generators P 1 do not get interaction corrections commutators of lie? 
Poincare superalgebra [P~, J +I ] = P 1 , [P~,Q +R ] = leads to commutators [P^ t , J +I ] = 0, 
[Pi nt1 Q +R ] = 0. The latter commutators and formulas ()6.39j) . (j6.4()j) give then equations 

(k + d kI + p + d pI )p M = , {k + d x + p + d x )p; nt = . (6.41) 

These equations tell us that the vertex p^ nt can be presented as 

P M =p- lt (F,A,p + ,k + ). (6.42) 

In other words p~ nt depends on p 1 , k 1 , A and \ throughout the 'momenta' F 1 and A, which 
are defined in (lo^ . ljfHHj) . 

iii) Commutator [P~ , J IJ ] = gives equations 

J /J (P, A) p~ int = , J /J (P, A) = L IJ (F) + M IJ (A) , (6.43) 

where the orbital operator L IJ (F) and spin operators are given by expressions (|4.5|) - ()4.9j) in 
which we should use P 7 , A, (3 given in ()6.12|) . ()6.19|) and ()6.20|) respectively. 

32 Note that in spite of appearance of imagine unity i the brackets (|6.38|) stand for the classical Poisson 
brackets. Such 'quantum' normalization of the classical Poisson brackets is convenient for us. 
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Remaining kinematical symmetry related with commutation relation of P with J + 
gives equation 

(J + -(P,A) + l)p-, = 0, (6.44) 

where we use the notation 

J+- (P, A) = p + d p+ + k + d k+ + F%, + ^A<9 A - 2 . (6.45) 

Because Eqs. (|6.43|) take the same form as those given in (J4.4j) we can apply the same 
procedure we exploited while solving Eqs. (j4.4|) . Introducing the variables q l , p as in ()4.12|) 
we get from Eqs. (j6.43p the following solution 

p- nt (F,A,p+,k+) =F L2 E q E p V (p + ,k+), (6.46) 

where in expressions for E q (ET27IJ) . E p M Li (A) (jOJ) we have to insert appropriate 

values of P 7 , A, (3 given in (j6,12|) , ()6.19|) , ()6.20|) . In Eq. ()6.46|) we have extracted dimesionfull 
factor P L2 which is appropriate for supergravity theories. 

One can check that Eq. (j6.44|) leads to the following equation for vertex Vq(p + , k + ) 

(p + d p+ + k + d k+ + l)V (p + , k+) = . (6.47) 

Thus as in the case of field theoretical supergravity interaction vertices we see that the 
kinematical symmetries admit to fix dependence of particle interaction vertex on the 'mo- 
menta' P 7 and A completely, while the dependence on two light cone momenta p + , k + is 
restricted only by one equation ()6.47|) . i.e. to fix dependence on p + , k + completely we need 
one additional equation. Such equation can be obtained by exploiting commutation relations 
between the dynamical generators and using the locality requirement. This will be done in 
next section. 



6.2 Nonlinear symmetries and locality requirement 

Systematic procedure of fixing dependence of interaction vertex on light cone momenta p + , 
k + is based on study commutation relations between dynamical generators (j2.6|) . Another 
reason for study of the dynamical generators is that the light cone gauge breaks manifest 
Lorentz symmetries and in order to check that these symmetries still present one needs to 
construct all generators and make sure that all commutation relations are satisfied. This is 
that what we are doing in this section. 

The kinematical generators (J2.5)) do not receive interaction corrections, while the dy- 
namical generators depend on interaction. Making use of commutation relations between 
the dynamical generators and kinematical generators one can make sure that interaction 
corrections to the dynamical generators take the following form 

QZ* = j dTe^(k, X )q; n f, (6.48) 
QZi = J dTe a *(k, X )<&S, (6.49) 
J-f = -ix R Pr nt + 6Q; n f + J dT e Q $(k, x )jZS > ( 6 - 50 ) 
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Jint = -™ L P i nt + ^Qrnt +J*T ^(k, X)j~nt , (6-51) 

J"! = -ix'Pr, + ^01 l Q; n L t ~ Tyf^Q^ + jdY e^(k, X )j£ , (6.52) 

where densities X = (q^ \ q^j. j^ t ) depend on 'momenta' F 1 , A and light cone momenta 
p + , k + : 

X = X(¥,A;p + ,k + ). (6.53) 

With expression for dynamical generators (|6.48J) - (|6.52j) at our hands we are ready to 
study commutators between dynamical generators. We proceed as follows. 

i) Making use of commutators [P~, Q~ L ] = 0, [P~, Q~ R ] = we get the following relations 
for the supercharge densities 

where we use the notation for differential operators: 

Q- L (A) = F L d A + ^fA, (6.55) 

Q- R (A) = J-d A f + ip^A . (6.56) 

V2 f3 

ii) Making use of these formulas we get from the commutators [P - , J~ 7 ] = the following 
expression for the density 

hnt = -P + dpip~ nt ~ — jjpp- (p + d p+ + Ad A + l)p; nt . (6.57) 

From this formula we see that for the density to satisfy the locality requirement we 
should impose on the interaction vertex the following equation 

(p + d p+ +Ad A + l)p M = 0. (6.58) 

Taking into account the formula ()6.46j) we find that equation ()6.58j) leads to the following 
equation for the vertex Vo(p + , k + ): 

(p + d p+ + l)V (p + , k + ) = 0. (6.59) 

Solution to this equation and Eq. (j6.47j) is fixed to be 

Vo(p + ,fc + ) = 4' ( 6 ' 6 °) 
p+ 

where k is the gravitational constant. In this formula a normalization is chosen so that to 
respect the normalization of the standard action of particle interacting with gravity (j6.21|) . 
Note that Eq. (|6.58|) leads to the following simplified expression for (|6.57|) : 

Jint = -P + dpip~ nt • (6.61) 
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To complete light cone description we should write down expressions for the supercharge 
densities q~^, q~^. The expression for densities given in ()6.54|) are still to be formal because 
they are nonlocal in P 7 . However these expressions become local in transverse 'momenta' P 7 
once we insert explicit solution to interaction vertex p~ nt . Comparison with calculations of 
field theory densities made in Section 14.11 allows us to write down expressions for densities 
Qint-i 1~int i n a rather straightforward way. Indeed confronting Eqs. ()6.54|) with Eqs. (j4.46|) and 
formula (|6.18|) with ()4.36|) we see that q~ n f , q^ can be obtained by making the following 
substitutions in formulas ()4.48j) 1)4.49)1 : (i) in l.h.s. of expressions f)4.48j) 1)4.49)1 the factor 
3/k should be replaced by p + /n; (ii) in r.h.s. of expressions (j4.48j) 1)4.49)1 we should insert 
the expressions for P 7 , A, (5 given in (J6.12j) . (J6.19j) . (j6.20j) respectively. 

7 Cubic and 4- point interaction vertices of lOrf SYM 
theory 

In this section we would like to extend our analysis to the case of ten dimensional SYM 
theory. There are two approaches to superfield light cone description of this theory. One 
of them keeps manifest so(8) symmetries and is based on constrained vector superfield [9J. 
In alternative approach, we use below, the so(8) symmetries are reduced to the manifest 
so(6) symmetries and the action is formulated in terms of unconstrained scalar superfield 
|S|. We prefer to use the latter approach because in this approach a representation of 
Poincare superalgebra generators is similar to that of ll<i supergravity. Due to that we can 
straightforwardly generalize our results to the SYM case. 

Our derivation for cubic and 4-point supergravity vertices was essentially algebraic be- 
cause this derivation was based significantly on the usage of Poincare superalgebra generators 
given in ()2.26)) - (j2.39)) . Note that similar generators appear in 1 1 A, lOd supergravity and, 
with some minor modification, in lOd SYM theory. As to II A supergravity the generalization 
of our results to this theory is trivial and can be achieved simply by using dimensional re- 
duction. All that we have to do is to set one of transverse momenta equal zero in expressions 
for cubic vertices (jOl) (or (jOHJO and (jEH Now let us turn to lOd SYM theory. 

To extend our supergravity results to the case of SYM theory we should make the fol- 
lowing modifications. First of all we have to set one of transverse momenta, say p 7 , equal to 
zero. Next step is to replace odd part of light cone superspace, i.e. A (and 6) by appropriate 
Grassmann variables of SYM theory. Namely, instead of A (and 6) transforming in spinor 
representation of the so(7) algebra we introduce Aa (and 9 A ), A = 1, 2, 3, 4, which transform 
in (ant i) fundamental, i.e. vector, representation of the su(4) algebra. This modification 
reflects the fact that lOd SYM theory involves 16 supercharges instead of 32 supergrav- 
ity supercharges. Appropriate unconstrained light cone scalar superfield has the following 
expansion in powers of Grassmann momenta A^ 

(p, A) = (3<P L + X A ij A + X A X B 4> AB + ^(eXY^A - , (7.1) 

where we use the notation 

(eX 3 ) A = ^e AA ^X Al X A2 X A3 , (eA 4 ) = ±e A ^ A ^X M ...X M . (7.2) 

All fields have indices of the suitable Lie algebra, which we do not show explicitly. The self- 
dual field <p AB of the sw(4) algebra can be related with vector field l of the so(6) algebra in 
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a standard way 

4> AB = ^ P iAB <t>\ (7.3) 

where normalization of the corresponding Clebsch-Gordan coefficients (or Dirac matrices 33 ) 
is chosen so that the following relations are true 

11 

p\abP 3 cd] = ^abcdS 13 , p AB = --e A BCDp tCD ■ (7.4) 

Reality condition for vector field 4> l (—p) = <p l *{p) and relation ()7.3|) lead to self-duality 
condition for (p AB : 

<t> AB (p) = \e ABCD {<t> CD {-p)Y. (7.5) 

Fields <p R , <p L {4> L {—p) = <fi R *(p)) and </>* describe eight bosonic physical d.o.f of SYM, while 
ip A are fermionic fields subject to hermitian conjugation rule ip A (— p) = (ipAip))^ ■ Reality 
condition in terms of superfield \l/ takes the form 

A) = /3 2 [ dX ] e AAt//3 (^(p, A)) f . (7.6) 



Superfield \I/ satisfies the following commutation relation 34 

[*(p,\)Mp',X)\\ equalx+ = ^(p + p')6\X + X') (7.7) 
which implies that the component fields should satisfy the commutation relations 

[<p I (p)A J (p')} = ^(p + p')5 IJ , (7.8) 

{^ A {p)^ B {p')} = \5 9 {p + p')5 B A . (7.9) 

In order to get representation of Poincare superalgebra on the superfield \l/ we should 
make the following replacements in expressions for generators given in ()2.26j) - (j2.39j) : 

(i) Scalar product 9X in RFM . tfn^ i should be replaced by 9X = 9 A X A . 

(ii) Expressions 6f6 and A7*A in (l23TJ) - (l2~3TI) should be replaced by OpW = A p AB 6 B 
and Ap*A = X A {p l ) Xb respectively. 

(iii) Expression 6^X in (J2.29)) should be replaced by 9 A (p^) A B Xb, where 

(p lJ )A B = \p A cP jCB -(i^3)- (7.10) 

(iv) Last terms in flQBD . QTXfy . . ^TTJ\ . i.e. 2, -2, -Ap R /f3, -2p l /(3 should be 
replaced by 1, —1, —2p R //3, —p % /(3 respectively. 

33 These matrices satisfy the standard relation p lAc p : ' CB + («•<-> j) = 26^6 B and we adopt complex 
conjugation rule p lAB * = —p AB . Note that our sign convention in 17.4|l differs from that adopted in 
formulas (A. 7), (A. 9) in Ref.|H]. In this section we use so(6) vector indices i,j — 1,...,6, so(8) vector 
indices I.J — 1, . . . , 6, R, L and su(4) vector indices A, B = 1, ... ,4. 

34 Grassmann delta function is chosen to be <5 4 (A) = (eA 4 ) (sec \7.2\i ). Accordingly an integral over 
Garssman variables is normalized to be J d 4 A<5 4 (A) = 1. 
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After this we can extend our supergravity calculations to the case of SYM theory in a 
rather straightforward way. We note that it is usage of ^-operators that allows us to do 
such straightforward extension. Below we present interaction vertices of SYM theory without 
derivation. Let us first consider the cubic vertices. 

The superspace representation of 10c? SYM theory Hamiltonian in cubic approximation 
is given by 

r 3 

P (3) = / rfr 3 Tr(n*(Pa,A a ))p-(P,A,/3), (7.11) 

J 0=1 

where the dT% is obtainable from (J3.7j) - (j3.9|) by setting n = 3, d = 10 and replacing d 8 X by 
d 4 X. The cubic vertex is found to be 35 

p- i) (F,A,P) = -^F L E q E p , (7.12) 

where operators E q and E p are given by 36 

E q = exp(-qiM L i(A)), (7.13) 

E p = l- ^M Lj {A)M Lj {A) , (7.14) 

M L \A) = ^Ap*A. (7.15) 

The quantity (3 is given by ()4.1()j) . while A is obtainable from ()4.2|) replacing the so(7) 
Grassmann momentum X a by the sw(4) Grassmann momentum Aa- The expression for 
interaction vertex can be re-written manifestly in terms of momenta P 7 and A: 

On / P* ¥ R \ 

P~ } (F,A,(3) = -J**- (F L - - j 2 {^)) • (7-16) 

Normalization coefficient in the vertex ()7.12j) (or (J7.16J) ) is chosen so that the bosonic 
body of covariant action corresponding to the supersymmetric light cone Hamiltonian (|7.11|) 
is given by 

S YM = J d x C YM , £ YJl/ = Tr — —F^F^, (7-17) 

where field strength is defined as 

Fnu = - d^f, + ig YM 4> u ] (7.18) 

and gauge field M is a hermitian matrix 0^ = M . 

Now let us consider higher derivative 4-point vertices. We are interested in superspace 
light cone representation of 4-point interaction vertices involving in their bosonic sector d n F 
terms 37 . Following step by step the procedure we used while deriving supergravity 4-point 

35 The representation for the cubic vertex in terms of _E-operators (|7.12() is result of this paper. Explicit 
representation in terms of 'momenta' F 1 and A (see Ea. (|7.16|l below) was found in Ref.[H]. 

36 Operator E p can be obtained by setting d = 10 and k = 1 in the general solution given in l)B.16|) . 

37 Supersymmetric completion of non-abelian F 4 terms to the second order in fermions was obtained in 
|48j . Full supersymmetric completion of abelian and non-abelian F A terms was obtained in |49| and |5U| 
respectively. Supersymmetric action to all orders in abelian field strength F and fermions was found in |51j . 
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vertex we obtain the following 4-point supersymmetric Hamiltonian: 

P ( " = J rfr 4 Tr(J]vl>(p a ,A a ))p- 4) (P,A,/5), (7.19) 



a=l 



where the expression for 4-point vertex is fixed to be 

(■pL pL \2 

= & V E qi3 E q24 E u g(s } t) , (7.20) 

Pl3 

and the measure <fT 4 is obtainable from ()3.7|) by setting n — 4, d = 10 and replacing c? 8 A 
by d A \. The variables and A L take the same form as in ()5.32|) . ()5.33|) . while the operators 
E qab and E u are given by Eqs. (|5.30|) . (j5.31|) in which we have to make replacement above 
mentioned in (ii) and (iii). Function g(s,t) depending on Mandelstam variables s, t cannot 
be fixed by global supersymmetries. This function should be cyclically symmetric 

g(s,t) = g(t,s) (7.21) 

and if we assume that the function g(s,t) admits Taylor series expansion then lower order 
terms of expansion take the form 

g(s, t) = g + g x u + g 2 . x st + g 2 - 2 u 2 + ... . (7.22) 

As compared to analogous expressions for llci supergravity vertex ()5.29|) we see that 
q 2 - term which is in front of the ^-operators ()7.20|) turns out to be a square root of the 
corresponding term in the supergravity vertex ()5.29j) . This can be considered to some extent 
as a sort of Kawai Lewellen Tye relationship between gravity and gauge theory. 

Making use of formulas ()5.51|) it is easy to see that q 2 - term in ()7.20|) is symmetric upon 
any permutations of the four external line indices 1,2,3,4. The product of ^-operators in 
()7.20|) is also symmetric upon such permutations 38 . Making use of these symmetry properties 
the 4-point vertex can be cast into more symmetric form with respect to s, t variables. This 
is to say that introducing new quantities 3^: 

3 ab = ¥ L ab E qab , (7.23) 

and exploiting the first relation in (|5.51j) we can cast the expression ()7.20j) into the form 

p~ = (3 12 J34tE s -3 u 3 23 sE t )g(s,t) (7.24) 

where operators E s and E t are obtainable from E u in the same way as in (|5.62j) . 

The function g(s,t) can be expressed in terms of constants that appear in covariant 
Lagrangian formulation. Let a bosonic body of covariant supersymmetric Lagrangian at 
order F 4 is given by 39 

£ Fi = 9 Fi W p4 , (7.25) 
W = Tr F F F F 4- -F F F F 

F 4 — 11 1 pp 1 vp 1 pa 1 ua I 2 f-P V P UCJ M°" 



1„ „ „ „ I 

A 



F F F F F F F F (7 26) 

- 1 pu ± pu- 1 pa- 1 pa q P<y pv*- pa i \ ' •^'JJ 



38 This total symmetry of the q 2 L - term and product of the E'-operators is related to the well known total 
symmetry of the kinematic factor K that enters scattering amplitude of type / superstring theory (see e.g. 
section 4.2. in Refjp). 

39 Lagrangian (|7.25|) describes F A corrections to low energy dynamics of massless spin 1 modes of type I 
superstring theory |53l I54*| . 
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where g p4 is some constant. Then the corresponding light cone gauge supersymmetric Hamil- 
tonian is given by Eqs. (j7.19j) . (j7.20j) . where the function g(s,t) ()7.22|) is fixed to be 

9{s,t)= l -g Fi . (7.27) 

Details of derivation this relationship may be found at the end of Appendix E. The overall 
constant g p4 in ()7.25|) is dynamical-dependent and cannot be fixed by global symmetries. For 
the case of tree level superstring effective Lagrangian for massless spin 1 fields this constant 
can be expressed in terms of string tension 15^] . 

The formula (J5.3(i)) linking constants of bosonic body of covariant Lagrangian and cor- 
responding light cone gauge supersymmetric Hamiltonian can easily be generalized to the 
higher derivative d n F 4: terms. Namely, if bosonic body of covariant Lagrangian is given by 

C fF4 =f(s,t)W p4 , (7.28) 

f(s, t) = f + hu + fast + f 2 ., 2 u 2 + . . . , (7.29) 

then the corresponding light cone gauge supersymmetric Hamiltonian is given by Eqs. (j7.19j) . 
ijTSnjl . where the function g(s,t) l|T22|) is fixed to be 40 

g(s,t) = ^f(s,t). (7.30) 

Concrete form of the function f(s,t) (and hence g(s,t)) is dynamical - dependent. For the 
case of superstring theory the coefficients / , fi, . . . describe tree level effective Lagrangian 
for massless modes as well as quantum string loop corrections. For 10<i SYM theory these 
coefficients are responsible for quantum loop corrections. Evaluation of contribution of the 
SYM theory one- loop UV divergencies to the coefficients fo, fi may be found in [3U] (the 
case of constant abelian F was considered in [53]). 

As in the case of 11c? supergravity the expression for interaction vertex (J5.29)) can be 
used to obtain superspace representation for tree level 4-point scattering amplitude of the 
generic 10c! SYM theory. As before to get 4-point T- matrix from ()7.19j) we should 

multiply the 4-point interaction vertex p~ 4) (|7.20|) by delta function S(Y^=i Pa) that respects 
energy conservation law. Beyond this the function g(s, t) should be chosen so that to respect 
the following two requirements: (i) the scattering amplitude should has simple poles in 
Mandelstam variables, (ii) the amplitude being restricted to the sector of bosonic fields 
should has homogeneity of degree in momenta p a , j3 a . These two requirements can be 
fulfilled by the following choice of g(s,t): 

<?M) = %- (7.31) 
st 

This leads to the following compact superspace representation for tree level 4-point T-matrix 
of 10c? SYM theory: 

4 4 

T (4) = / c?r 4 5(^p-)Tr W^PaAa) t w . (7.32) 

^ a=l a=l 

40 Note that for establishing a relation (|7.3U|) we do not need concrete form of expansion for the function 
f(s,t) given in (|7.29|) . All that is required for derivation the relation l|7.30|l is 'crossing symmetry' of the 
function /: f(s, t) = f(t, s). 
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where the expression for density t (4) is given by 



2 / J12J34 rr J14J23 



t W = 9l M \^E S - ^fZEk) (7.33) 

and a superfield i/;(p, A) enters a solution to free equations of motion: 

tf(p, A) = exp(ix + p~)ip(p, A) . (7.34) 
We introduce then the standard decomposition similar to that given in (|5.fi9j) 

^ A) = 7§ A) + T^S aa( ~ p ' ~ A) ' (7 ' 35) 

where a are Lie algebra matrices and we define a superspace 4-point amplitude by relation 

(3,4|T (4) |1,2) = (2tt)V ' 4 A 4) (7.36) 

in which <5 10,4 -function is an analog of (|5.73j) . These relations lead to the following 4-point 
amplitude 

Ai = Af el Tr (<ti . . . 04) + non-cyclic perms, of 1, 2, 3, 4 , (7.37) 
where we introduce 'abelian' part of the amplitude defined by 

Af el = 4t (4) . (7.38) 

Superspace light cone representation for 4-point scattering amplitude of SYM theory was 
obtained in jH] (see formula (5.48) in Ref.jH]). Attractive feature of our alternative represen- 
tation for 4-point scattering amplitude ()7.37|) . (j7.38|) is that the complicated dependence of 
the amplitude on the bosonic 'momenta' and the Grassmann 'momenta' A a b is entirely 
collected in the ^-operators. It is usage of the E- operators that allows us to find compact 
representation for amplitude given in (|7.33|) . (|7.37|) . 



8 Conclusions 

We developed the superspace light cone formalism for lie? supergravity. In this paper we 
applied this formalism to study of the superspace representation of the higher derivative 
4-point interaction vertices. We found also superfield representation for cubic interaction 
vertex and for the tree level 4-point scattering amplitude of the generic lie? supergravity pQ. 
By analogy with the fact that it is light cone gauge cubic vertices of the lOd supergravity 
theories that admit natural extension to superstring field theories we expect that our vertices 
will admit natural extension to M-theory. Because the formalism we presented is algebraic 
in nature it allows us to find various interaction vertices in a relative straightforward way. 
Comparison of this formalism with other approaches available in the literature leads us to 
the conclusion that this is a very efficient formalism. 

Long term motivation for our study is related to conjectured supergravity theory in AdSn 
spacetime jHHl- As is well known the standard lie? supergravity PQ does not admit an exten- 
sion with a cosmological constant, i.e. does not have AdSn vacuum |HZl (see also p^lBO]). 
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On the one hand, in Ref.fo^j certain massless AdSn graviton supermultiplet was found 41 . 
This novel supermultiplet contains fields of the usual lie? supergravity plus additional ones. 
One can expect that these additional fields may allow one to overcome no-go theorem and 
construct a consistent supergravity admitting AdSn ground state. Certain massless AdSn 
graviton multiplet is also predicted by eleven dimensional version of AdSio higher spin gauge 
theories discovered in jHlj. These theories allow more or less straightforward generalization 
to AdSn. Usually a tower of infinite higher spin fields contains of supergravity multiplet 
and therefore one expects that an extension to d — 11 of ten dimensional theories discussed 
in |fi5[ EE] also describes some AdSn graviton multiplet. On the other hand in |HZ| it was 
demonstrated that, under certain assumption about spontaneous breaking of AdS symme- 
tries, totally symmetric massless higher spin field in AdSd+i spacetime leads to a massive 
field in d dimensional Minkowski spacetime whose mass and spin are related in the same 
manner as for a massive field belonging to the leading Regge trajectory of string theory. This 
suggests that superstrings in 10 dimensional Minkowski space-time, viewed as a boundary, 
could be related to higher spin massless fields theory living in AdSn spacetime, viewed as a 
bulk. Because superstring theory admits simple and elegant formulation in light cone gauge 
one can expect that eleven dimensional theories should also be formulated within the light 
cone gauge. In this perspective the study of this paper can be considered as a warm-up 
for generalization to AdSn spacetime. Light-cone form of field dynamics in AdS spacetime 
developed in [HE] implies that such generalization is possible in principle. 

The results presented here should have a number of interesting applications and gener- 
alizations, some of which are: 

(i) generalization to eleven dimensional anti-de Sitter spacetime AdSn and study of 
interaction vertices for massless AdSn graviton supermultiplet found in 

(ii) generalization to 3- and 4- point interaction vertices of type IIB supergravity in AdS^x 
S 5 background and application to study of superspace form of AdS/CFT correspondence at 
the level of 3- and 4-points correlation functions. 

(iii) application of manifestly supersymmetric light-cone formalism to the study of the 
various aspects of M-theory along the lines [o^H I7U|. 

Another interesting application, which triggered our investigation, is related to certain 
massless (nonsupersymmetric) triplets in d = 11, the dimension of M-theory. It was found in 
[7T] that some irreps of so(9) algebra naturally group together into triplets to be referred to 
as Euler triplets which are such that bosonic and fermionic degrees of freedom match up the 
same way as in lid supergravity. Later on Euler triplets were studied in Refs. |Z2]-[Z3] and 
it was conjectured that these triplets might be organized in a relativistic theory so that this 
theory would presumably be finite. The methods we developed and used in this paper for 
study lie? supergravity admit straightforward generalization to study of higher spin Euler 
triplets. On the other hand a world line approach used in Refs. jSHl EHj for evaluation of 
quantum loop corrections to 11c? supergravity can also be generalized to study loop correc- 
tions for higher spin fields in a relative straightforward way. In principle just mentioned 
methods and approaches should make it possible to address question of UV finiteness of 
higher spin fields theory based on Euler triplets. We hope to return to these problems in 
future publications. 

41 This novel graviton supermultiplet is to transform in representation of orthosymplectic superalgebra 
osp(32,l). Recent interesting discussion of unitary representations of osp(32, 1) superalgebra and gravity 
theories based on such superalgebra may be found in [HI] and |fi2l IH^j respectively. 
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Appendix A lid Poincare superalgebra and grav- 

itino field in so (7) basis 

In order to cast lie? Poincare superalgebra commutators (|2.2|) into the so(7) basis we first 
transform them to the so(9) basis. To this end we use the following decomposition of 32 x 32 
gamma matrices and charge conjugation matrix 

{732,732} = 2?/*", 73^ = — C32732C32 1 an d is mostly positive flat metric tensor. 7(0 and 
Ci6 are 16 x 16 gamma matrices and charge conjugation matrix respectively: 

Uclte} = 25 /J , t£ = CWrfeAi 1 > C?8 = C M . (A.2) 

Decomposition of the 32-component supercharges g into two 16-component supercharges 
Q 1 * 1 and using Majorana condition Q^7° 2 = Q t C 32 gives 



Q = 2 1/4 ( ^ + ) , (Q^ = (Q^Cxe . (A.3) 



In the so(9) basis (anti) commutators of Poincare superalgebra given in f!2.2j) take then the 
form 

{Q± Q ± } = ±C m P+ , g-} = ^ll^P 1 , (A.4) 

[J+-, Q±] = ±IQ ± , [J IJ , Q±] = -|7f 6 J Q ± > Q T ] = ±737 1 / 6 Q ± (A.5) 

To convert these commutators into those of so(7) basis we use the following decomposition 
of 7f 6 and C\% matrices 

716 = [ m - sh < J ■ ( 1 J • < A - 6 > 

where 7* are 8x8 gamma matrices that are antisymmetric and hermitian: 7** = —7*, 
7*1" _ y. The decomposition for supercharges Q ± we use is 

^ = 2 1/4 [ ^ ) " (A-7) 





In terms of the supercharges Q ±R,L the Majorana condition ()A.3j) takes the form Q ±RJf = 
Q ±L . By exploiting these formulas in (anti) commutators of the Poincare superalgebra taken 
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in the so(9) basis (|A.4|) . ([A.5|) we arrive at the so(7) basis (anti) commutators given in Sec- 
tion 2. The reader interested in the so(7) Y~ matrices identities is advised to consult the 
appendices of Ref . [75] . 

Now let us describe relationship of the so(7) basis physical components of gravitino 
field, which enter superfield expansion ([2.160 . with the nomenclature of covariant approach. 
Lorentz covariant equations of motion and constraints for gravitino field take the form 

7 3 W^ = 0, P^V = 0, 73^ = (A.8) 

Making use of gauge ip- = 0, one proves that the components given by ipf = §732732^ are 
physical fields, while the components i[)f = \ r yt2lzi l l ) i are non-physical d.o.f. The physical 
gravitino field satisfies algebraic constraint which by exploiting the 16-component notation 
can be written in the so(9) basis as 

T^f = . (A.9) 
We solve this constraint by exploiting so(7) basis. Namely, introducing 

^ ffi R = \i L ^f , *? L = , (A. 10) 

it is easily seen that the components ij)f R , ipf R (and their hermitian conjugated partners 
ipf L , ipR L ) are independent, while the remaining components ip% R (and ipf L ) are expressible 
in terms of that independent components 

V£* = -\ l^t L , 1>1 L = -}p?^t R ■ (A.11) 
It is the components ipf R , tpf R (and ipf L , ipf L ) that enter expansion of the superfield $ in 

dm. 



Appendix B Derivation of representation for the 

cubic vertex (14.221) . 

To derive the representation (j4.22[) we use RL, Ri and ij parts of Eqs. ([4.4)1 . Acting with 
angular momenta J /J (P, A) on the vertex p7 3) ([4.21)1 we find the expressions 

J RL (P, A)p- = (F L ) k E q (M RL (k) + 2pd p -kjV, (B.l) 

J m (F, A>" = q i J RL (A)p~ ) + (¥ L ) k E q (^M m (A) - pM Li (A) + q j M ij (A)^)V, (B.2) 

J ij (P, A)p~ = {F L ) k E q M lj {A)V . (B.3) 

From these expressions it is easily seen that the RL, Ri and ij parts of Eqs. ([4.40 lead to the 
following equations for V 

(M RL (A) + 2pd p -k)V = 0, (B.4) 
(M Ri (A) - pM Li (A))V = 0, (B.5) 
M ij '(A)K = 0. (B.6) 
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From the relations in (j4.12j) and the fact that the vertex p (3) is a monomial of degree k in W 1 
it follows that V should be polynomial of degree k in p, i. e. we can use the expansion 

k 

V(p,A,f3) = J2p n Vn(A,P). (B.7) 

n=0 

Plugging this expansion in Eq. (jB.5|) we get the following equations 42 

M Ri (A)V n = M Li (A)V n - 1 , 7i = l,...,*, (B.8) 
M m {A)V = 0, (B.9) 

while Eqs. ()B.4|) . (jB.6|) lead to the respective equations for Vq given in ()4.24j) . (j4.26|) . 

Now we focus on Eqs. ()B.8jl . These equations tell us that V n can be expressed in terms of 
Vq. Making use of ()B.8j) and (|B.6|) one can make sure that V n can be presented in the form 



V n = f n (M Lj {A)M L \A)) n V , (B.10) 

which should be supplemented by obvious initial condition /o = 1. Now making use of 
Eqs. ()4.24)) - ([4.26)1 and commutation relations 

N' 

[M R \ (M Lj M Lj ) n ] = (M Lj M Lj ) ™~ 1 2n(M Lj M ji - M Li M RL - ( — - n)M Li ) (B.ll) 
we get 

M Ri (M Lj M Lj ) n V = -n(N' + 2k - 2n)(M Lj i M Lj ) n ~ 1 M Li V , (B.12) 



N' = d — 4, where we use Eq. flB.6|) and for flexibility we keep the spacetime dimension d to 
be arbitrary Making use of (|B.12|) and ()B.10|) in (|B.8|) gives the following equations for f n 

= - n (N' + 2k- 2n) . (B.13) 

In 

Solution to these equations with fo — 1 is easily found to be 

fn ~ H 2"n!r(f + k) ' (B14) 
where V is the Euler gamma function. Collecting all steps of derivation we arrive at solution 

V(p,A,P) = E p V (A,P), (B.15) 

E ? = t^-p) n l^4 7k) ( MLi ( A ) ML3 ( A )) W • (BAG) 
Restriction to eleven dimensions d — 11 leads to the desired relation ()4.22j) . 



42 In addition to Eas. l)B.8(l . lB.9|l one has extra equation M Ll {h)Vk = 0. Because 14 turns out to be 
monomial of degree 4fc in Grassmann momentum A (note that A 9 = as A has eight components) this extra 
equation amounts to the equation A 4k+2 — which satisfies automatically for supergravity theories k > 2. 
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Appendix C Derivation of expression for density 

r 1 (gam 

In this appendix we outline procedure of deriving the expression for density j~ T given in 
(|4.31|) . To simplify presentation we focus on the calculation of jzP. For flexibility we start 
with calculation of n-point commutators for arbitrary value of n: 

/n 1 n 1 n n 

dr n ^ n) (j2( J a L y + -X>^rfH> + ~{J2 9 pS Eft *w)fw . ( c - x ) 

0=1 6=1 o=l 6=1 



/lb \ ' L /V 1 ^ ' 6 

rfr n $ (n) (j-f + -£ ^g-f ) + - £X * w )p- , (C.2) 

6=1 0=1 ^ a o=l 6=1 

where notation (J~ L Y is used for the operators obtainable from ()2.36|) by applying of trans- 
position that is defined to be 

d t pI = -d pI , # = -9, A* = A. (C.3) 

Transposition on the product of bosonic (B) and fermionic (F) quantities is defined to be 
(SiS 2 )* = B\B\, (BFy = F t B t , {F 1 F 2 ) t = — F|F-f. 

In cubic approximation the relations ()C.l|) . (jC.2J) and commutator 

[-^(3)' J (2)1 = t^(3) L ' P(2)] (C-4) 

lead to the formula 

x>- + 1 e ^v) = (t^ L y + 5 Eft 3*ka) • ( c - 5 ) 

6=1 o=l ^ a a=l 6=1 

Taking into account that p~ 3) depends on F 1 and A and using Li part of Eq. (|4.4|) we can cast 
an action of differential operator ^2 3 a=1 (Ja L Y on PTz) lY &° the form 

3 , pL 3 i 3 \ N 

E(^ L )*ft3) = -^E^-^E/^to- ( c - 6 ) 

o=l V 3 P 0=1 d o=l Pa 

Plugging this relation into (jC.5|) and using the second relation in ()4.46|) and formula 

3 

E^ft3) = ° ( c - 7 ) 

0=1 

we get from (|C5|) the relation 

3 pL 3 

Eft hi = -^E • ( c - 8 ) 

0=1 °P a=l 



Taking into account 



= ^ < c - 9 > 

a=l 

we arrive at the relation (j4.31j) taken to be for transverse index I = L. Above-given calcu- 

7(3) > ^(3) 

the formula given in (|4.31jl . 



lations can extended to the cases of j (3] , , j (3) l in a rather straightforward way. This leads to 
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Appendix D Derivation of representation for 4- 

point vertex (15.291) 



In this appendix we outline a procedure of solving the defining equations for 4-point vertex 
(I5.18|) - (j5.21|) . First we express orbital momenta L 1 ^ in terms of the variables given in (|5.5|) . 
The orbital momenta take then the form as in (j4.16|) and this allows us to write a solution 
of Li parts of Eqs. (j5.19|) in the following form 

p^ = E qi3 E q2 y, (D.l) 

V = V'(q L ,A 13 , A 24 , Pf 3 , P£ 4 , P13, P24, Pa) , (D.2) 

where E Qab and q % are defined in (|5.30j) . f|5.32j) . Now we have to reformulate remaining 
equations in terms of V . Moving the operators J RL J y ' and J Rl throughout the operators 
E qab one can make sure that Eqs. (|5.19jl lead to the following equations for V 

(q L d QL + 2p 13 d pi3 + 2p 24 d P24 - - P^. + M RL + M RL )V = , (D.3) 

tf L dj - q{d qi + Mil + Mg)V = , (D.4) 



^-(2p l3 d pri - 2p 2A d P24 - Pf 3 d P , + P£A* + M RL - M RL )V 

+ ((pia - Pu)\ + + M™ - p 13 M% - p 24 MH + ^-{M% - M%S) V' = 0. (D.5) 
Doing the same for supercharges we get from (|5.20|) the equations 

{ ^ M2l) + e^ + e^y^ (D . 6) 

(PuflA u +fc)V = 0. (D.7) 

Thus the generic equations (j5.19j) . ()5.20|) are reduced to (|D.4|) - ([D.7|) . We note that because 
Eqs. fl5.20j) are valid on the energy surface (j5.13j) we should also reduce our equations to the 
energy surface, i. e. we should express interaction vertex in terms of Mandelstam variable u 
instead of p± 3 , p 2A . Before doing that we find solution to the simple equation (|D.7jl 



V = V"(q L ,A L , Pf 3 , P^ 4 , p 13 , p 24 , Pa) , (D.8) 

where A L is given by 1)5.33)1 . Taking into account that on the energy surface the variables 
Pi3 and P24 are expressible in terms of Mandelstam variable u (j5.13j) we introduce the vertex 
V" by relation 

V" = V"'(q L ,A L , P^ 4 , u, p a ) . (D.9) 

Now we have to repeat our procedure and rewrite remaining Eqs. (jD.3|) - ()D.6|) in terms of V". 
First let us consider Eq. ()D.6|) . In terms of V" the equation ()D.6|) takes the form 

(D - io) 
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whose solution is easily found to be 

V" = E u V iv (q L ,F^ K, % P a ) . (D.ll) 

where the operator E u is given in (|5.Hljl . 

Next step is to consider Eqs. (jD.3|) . (jD.5|) . It is straightforward to demonstrate that in 
terms of V lv these equations take the form 



(?A " P lAf, " p 24%, + 4 )l" v = , (D.12) 

(i(-pf3% s + + » (ft/ %y g) % - $>)v = ° • (D-i3) 

In addition to these equations there are two equations obtainable from Eqs. (j5.18j) . (j5.21j) 

(P^z, + W&dp^ + p 13 d/3 13 + y 13 d yi3 + y 2i d y2i - A)V iv = , (D.14) 

(^ + ^)^ = 0, (D.15) 
where we use the notation 

yi3 = /3i-&, 2/24 = /3 2 _ / 3 4 . (D.16) 

In Eqs. (jD.12|) - (jD.15|) and below the vertex V lv is considered to be function depending on 
three independent light cone momenta /3i 3 , yi 3 , y 2 4 instead of four momenta (3 a subject to 
the conservation low Y2t=i@a — 0. Eq. (|D.14j) is obtainable from Eq. ()5.18|) . while Eq. (|D.15p 
is obtainable from commutator [P^, Jm] = 0- Helpful relation to analyze this commutator 
is given in (jC.lj) . Now we focus on the equations (jD.12|) - (jD.15|) . 
Solution to ()D.15|) is easily fixed to be 

V [v = V v (u, q L ,F^, P^, Y, /3 13 ) , Y = ¥ L n y 24 + p£ 4 y 13 . (D.17) 

Plugging this representation into (jD.13j) we get the following equation 

(|(-pf Afi + W + ^ffprp^ - f )) v 

- y L(-*iLd Y+ (0 o ,-Ar))V v = 0, (D.18) 



where 



y L = y 13 Pf 4 - y 24 Pf 3 . (D.19) 

Because the vertex V v does not depend on y L equation (jD.15|) implies that this vertex should 
satisfy the following two equations 

(ft-PfAf, + KSr L ) + ^ S'pH' Ot - ^))^ = , (D.20) 
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Solution to these equations is found to be 43 



V v = (q 2 L ) 2 V vi (u,v,u,p 13 ), uj = F^A, v '■ , (D.22) 
where we use the following helpful relation for the variables u, v and Y: 

Formula ()D.22|) implies the following representation for V lv (see (|D.17|) ): 

V w = (<gfV«{u,v,u,,p xa ). (D.24) 
Plugging the V" (|TX24jl into (lD7T2|) we get solution for V vi : 

V vi (u, v, u, (3 13 ) = u 4 V vii (u, v, fa) , (D.25) 

which implies 

V iv = tu 4 (q 2 L ) 2 V vii (u, v, /3 13 ) . (D.26) 
Plugging ()D.26|) into (jD.14|) we get solution for vertex V vl1 : 

^(V-A^ir^v). (D.27) 

For the case of supergravity theory the vertex V vm should be symmetric with respect to 
Mandelstam variables s, t, u. To respect this requirement we take into account the relation 
(|5.15|) which implies that dependence on u, v can be replaced by dependence on s, t, u 
and therefore we can simply rewrite the vertex V vm in the form V vm = g(s,t,u), where the 
function g(s, t, u) is considered to be symmetric in s, t, w. 44 Collecting all steps of derivation 
we get the following solution to V": 

V" = ^p^( q 2 L ) 2 g(s,t,u). (D.28) 

Pl3 

The dependence on Mandelstam variables s, t, u cannot be defined by commutation relations 
Poincare superalgebra and this is freedom of our solution. Taking into account formulas 
ifiTTTl . . ifTTTill . ifiTTTT) . (fTT28|) we arrive at formula fICTIjl . 



Appendix E R A and F A terms in light cone basis 

In this appendix we explain how various i? 4 (and F 4 ) terms given in (|5.4()|) - <|5.45j) (and 
(|7.25j) ) can be cast into light cone basis. This will allow us to relate normalization of 

43 Instead of v (|D . 22|) we could use another function of the Mandelstam variables, which is not constant 
on the surface u = const. We prefer to exploit the variable v as this variable has simple transformation rule 
upon cyclic permutation of four external line indices 1,2,3,4. Namely, upon cyclic permutations of 1,2,3,4 
we get v — > —v. 

44 Note that for the case of YM theories the vertex should be symmetric only upon cyclic permutations 
of 1,2,3,4. This is reason why for the case of YM theory we use representation V vul — g(s,i) and impose 
constraint ifTiHJ) in (see QFHfy ). 
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covariant Lagrangian and corresponding supersymmetric light cone Hamiltonian. We begin 
our discussion with the gravitational R A terms. 

Making Fourier transformation to momentum space for all coordinates except for the 
time x + 

(by setting d = 11 for fields of lid supergravity) we cast covariant action corresponding to 
4-point Lagrangian ()5.37j) into the form 

d ll xC 4 {x) = J dx + P^, (E.2) 

where we introduce an appropriate 4-point Hamiltonian 

P w = J dT A (p)C 4 (p) , (E.3) 

and £4 indicates 4-point approximation of covariant Lagrangian (|5.37|) . The measure dY^ip) 
is given by formula (|3.8|) in which we set n — 4. In what follows we assume: 1) massless 
fields are on mass-shell (id x + + p~)$>(x + ,p) = 0, where p~ is given in (|2.34j) ; 2) momenta of 
fields are restricted to the energy surface (|5.11j) . To find C±{p) we should find expressions for 
W\ and W 2 in the 4-point approximation, which we shall denote as W\{p) and W 2 (p) (see 

(jSSZD) 45 

A(p) = K (i) W R 4p) , W R4 (p) = W 1 {p) + ^W 2 (p) . (E.4) 

We start our discussion with W\(jp) term that is obtainable from (|5.38|) . 

Following Fourier transform (|E.1|) we introduce Fourier modes for linearized Riemann 
tensor and Lorentz connection 

Rfjiuip) = PpWu(p) - Vv^^p) , (E.5) 

lu" ab ( P ) = ~p A h B ^+p B h At " , h A » = V2Kh A » , (E.6) 

where h A ^ = 5 A h utJ " and we keep a dependence on the gravitational constant k to respect 
expansion (|4.4()jl . Indices A, B = 0,1, ... ,10 are flat Lorentz indices. In (|E.5|I and below the 
quantities R^ u and u 11 stand for respective matrices R AB and uj 11,ab . Taking into account 
(|5.38|) and representation for Riemann tensor (|E.5|) we get the following expression for Wi(p): 

ut st 

W\{p) = Tr - —u 12 u u - —u^u^u^u^ + 2tu 12 b 13 b 24 + 2uu 12 b 23 b 14 

+ tuof b l2 uj% 634 + 8U% b 32 uj^ b M , (E.7) 
where we use the notation 

Uab^uM, b ab =^, ^ a =^{p a ). (E.8) 

45 Note that beyond of establishing relation (|5.36|) we confirmed ourselves that gravitational body of our 
Hamiltonian l|5.f (1 is indeed related with Lagrangian (|5.37(l in which the coefficients in front of various i? 4 
terms H5.4()|l - (|5.45|l should be equal to those of Ea. ljf).37|l . To keep discussion from becoming unwieldy here 
we do not discuss these relative coefficients in front of various R A terms and use the coefficients that are 
evident from Ea. H5.37|) . 
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Wi(p) in (jE.7|) can be easily cast into light cone basis by noticing that in light cone gauge 
(|4.42j) we have the relations 

uj + (p)=0, u-(p) = -^uj I (p), (E.9) 
which lead to helpful formula 

pX = ipk^. (E.10) 

Pb 

Making use of this formula in (jE.7|) gives representation for Wi(p) in light cone basis 

xvt st 
Wi{p) = Tr - yWi 2 W34 - — io[^Wz^a 

+ ^(^24 + ^23^14)^12^ 

+ -^-(tW[ 2 W J u - sFi 3 F J u )ufuiu^ui . (E.ll) 
P2P4 



We note that because of the first relation given in (jE.9|) the Lorentz invariant scalar products 
ojai, are reduced to transverse scalar products u ab = lu^luI. 

Now we turn to W^. Transformation of W% to the light cone basis is simplified by using 
the relation 

Kl Bl {pi)KfKP2) = - 9 -^^u IA ^{p l )u JA ^{p 2 ) , (E.12) 

PiP: 



where we use the notation 

g IJ (x) = \x\ 2 6 IJ - 2x T x J , |x| 2 = a;V. (E.13) 

Formula ()E.12|) can be proved by using (jE.5|) . (jE.10J) and representation for Mandelstam 
variables given in (J5.16|) . Making use of formula (jE.12|) all R 4 - terms in W 2 (I5.42j) - (J5.45|) can 
be cast into light cone basis in a rather straightforward way 

Ri^ip) = Tru^Tr^ w 4 , (E.14) 

Pi ■ ■ ■ Pa 

fl ,/J (IPl2)fi ,MAr (I I> 34)r r / Jrp M N Tr-i 

R u (p) = Trw^Tru^ uj 4 , (E.15) 

Pi ■ ■ ■ Pa 

RM = /J(P " k 7 (P34) Tr ^3 M < , (E.16) 

Pi ■ ■ ■ Pa 

fl ,/J (I S 13)5 ,MAr (IP24) rr I M J N 

#46 (p) = 7, 7. Trw^a uj 3 uj 4 . (E.17) 

Pi ■ ■ ■ Pa 

Note that Tr in formulas (jE.ll|) . (jE.14|) - (jE.17|) still indicates trace over all Lorentz indices 
A, B = 0, 1, . . . , 10. In fact formulas (jE.ll|) . (jE.14|) - (jE.17|) give a desired representation of 
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R 4 terms in the light cone basis. These representations can be reformulated in terms of h^ v 
(|E.6j) by using the following helpful formulas 

TrKX) = W^^, *C = (E.18) 

PaPb 



u» Ac uf B = -p 12 K A hf - pfp*K P h? + htvLhfT^ - Khl^hf , (E.19) 

P2 Pi 

where p\2 = P\P 2 - 

Now we would like to demonstrate how these results can be used to relate Lagrangian in 
covariant and light cone bases. It turns out that it suffices to consider terms proportional 
to hi L h RR h RR h RR . To this end we evaluate contribution of such terms to W\ and W 2 . We 
introduce 

u LL u RR u RR u RR 

W 1 (p)\,W 2 (p)\ = 12 3 4 W^lWzip), (E.20) 
[Pi ■ ■ ■ Pi) 

where notation Wi(p)|, indicates that we keep only those parts of Wi(p), W 2 (p) which 

are proportional to h[ L h RR h RR h RR . Making use of formulas (pHTH|) . fFTTTjl . (fE^4^ - (fFH7jl we 

get 

Wi(p) = Plsu^A (-2/?iPf 4 P23 - PA? + ftft) 2 ) , (E.21) 

W 2 (p) = 16$Wf 4 P£ 3 (/3 3 (P£j 2 - h{^f) ■ (E.22) 
Taking into account the second formula in (|5.37|) we get 

t. LL /, RR /, RR /, RR , » 

W#(p) = \ d 2 (-2ftM« 2 ) • (E.23) 



(A • • • A) 2 

To relate this result to the light cone Hamiltonian (j5.1|) . ()5.29|) we should find contribution 
of hf L h RR h RR h RR - terms to the Hamiltonian (j5.1j) . To this end we note the relation 

t,LLi RR 1 RR 7 RR nA \ 

^l\ h LL^3^4\ h n Rh nR hfR = 4^ . . . ff 4 )2 fe l ^2 ^3 ^4 (E.24) 

and this implies the following relation 

/ 4 uLL1.RR1.RR1.RR (m>L pL \4 

dr^n^Ajp^Hffo ^ 1 ^ 2 ^: 2 4 ^^^-(gD 2 - (E-25) 
„_l iPl • • • P4j P13 



where the measure dT^X) is given by formula (|3.9|) in which we set n = 4. Making use then 
the formula (|5.52|) we get the following contribution of hf L h RR h RR h RR terms to the 4-point 
Hamiltonian 

/faLL faRRfaRRijRR 
dU P ) \^ }p (-3«i# (PK) 2 ) • (E.26) 

Comparing this formula with (|E.4[) . (|E.23[) (see also the second formula in (|E.6|) ) we arrive at 



53 



The analysis above-given is extended to the case of higher derivative Lagrangian (|5.46J) 
straightforwardly because the factor f(s,t,u) is symmetric with respect to Mandelstam 
variables and therefore this factor does not affect derivation. 

These considerations can be easily extended to the case of 10c? SYM theory. In this case 
the covariant Lagrangian C pi given by ()7.25|) leads to the 4-point Hamiltonian 

P ( - } = J dT 4 (p) £ 4 (p) , £ 4 (p) = g F4 W F4 (p) , (E.27) 

where the measure dT^(p) is given by formula ()3.8|) in which we set n — 4, d — 10. It easy to 
see that if in expression for W\ ()5.38j) we replace the Lorentz connection uj^ by the gauge field 
M then we get Wp* (j7.2fij) . Therefore Lorentz covariant representation for Wp4,(p) in terms 
of gauge field M can be obtained from (|E.7|) by making there just mentioned replacement 



ut st 

W p4 (p) = Tr - y 012034 - y 01 0203 01 + 2t012&13&24 + 2M012&23&14 

+ ^0^120^34 + 50^320^14 , (E.28) 

where we use the notation 

0a6 = 0^, 606=^, r a =r{Pa). (E.29) 

Making use of light cone gauge and the relations similar to the ones in flE~9l) . (lE~IO|) adopted 
for gauge fields we get representation Wpi{p) in the light cone basis (cf. (jE.ll|0 : 



ut st 
' Fi VP) = 11 _ y 012034 - y^iV 2 ^ 3 V4 



W„M = Tr-" ^ " 



, , 1^13^24 I" '"^23^ J 5 ' "' 
PzPi 

+ -i-(tP{ 2 P3 / 4 - S P^ 3 Pf 4 )0f0^03 M 04 J - (E.30) 

P2P4 

To fix normalization it suffices to analyze terms proportional to 0f'0 2 EJ 0f : 0f : . On the one 
hand W 4 (p) gives the following contribution to 0f 0f0^0f - term: 



0f0W0? (PfA) 2 o, n „ , 



L L 

1 ^3 ^4 



On the other hand our Hamiltonian (|7.19j) gives the following contribution to 
- term: 

p- 1 = goTl j dr,(p) mm (w s j ( _ 4/?;) . (E . 32) 

J PX---PA P13 

Comparison of this formula with Eqs. ()E.27|) . ()E.31|) leads to the relationship for the coeffi- 
cients g and g pi given in Eq. (j7.27|) (see (|7.22jl ). Generalization of this consideration to the 
case of the Lagrangian (|7.28|) to get the relationship (|7.3U|) is straightforward. 
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